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Abstract
The stable difference scheme for the approximate solution of the initial value
problem
du(t) 1
o + D2 u(t) + Au(t) = f(t), 0 <t <1,u(0)=0

for the differential equation in a Banlach space E with the strongly positive op-
erator A and fractional operator D? is presented. The well-posedness of the
difference scheme in difference analogues of spaces of smooth functions is estab-
lished. In practice, the coercive stability estimates for the solution of difference
schemes for the 2m-th order multi-dimensional fractional parabolic equation
and the one-dimensional fractional parabolic equation with nonlocal boundary
conditions in space variable are obtained.
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1. INTRODUCTION. THE DIFFERENTIAL PROBLEM

It is known that differential equations involving derivatives of noninteger order
have shown to be adequate models for various physical phenomena in areas like rhe-
ology, damping laws, diffusion processes, etc. (see, e.g., [1]- [11] and the references
given therein). A review of some applications of fractional calculus in continuum and
statistical mechanics is given by Mainardi [7].

The role played by coercive stability inequalities (well-posedness) in the study of
boundary-value problems for parabolic partial differential and difference equations is
well known ( see, e.g.,[12], [15]). In paper [17], the initial value problem

dZit) + DFut) + Au(t) = f(t), 0<t<1,u(0) =0 o

for the fractional differential equation in a Banach space E with the strongly posi-

tive operator A is considered. Here Dt% = DO% . is the standard Riemann-Lioville’s
derivative of order % This fractional differential equation corresponds to the Basset
problem [6]. Tt represents a classical problem in fluid dynamics where the unsteady
motion of a particle accelerates in a viscous fluid due to the gravity of force.

A function u(t) is called a solution of the problem (1) if the following conditions
are satisfied:

i) u(t) is continuously differentiable on the segment [0, 1],

ii) The element u(t) belongs to D(A) for all ¢ € [0,1] and the function Au(t) is
continuous on the segment [0, 1],

iil) u(t) satisfies the equation and the initial condition (1).

A solution of problem (1) defined in this manner will from now on referred to as
a solution of problem (1) in the space C(E) = C([0, 1], E)) of all continuous functions
©(t) defined on [0,1] with values in E equipped with the norm

llelles) = Joax, ()] -



The well-posedness in C'(F) of the boundary value problem (1) means that coercive
inequality )

[ lle(s) + D¢ ulles) + [[Aullcm) < M| fllowm)
is true for its solution w(t) € C'(FE) with some M, which does not depend on f(t) €
C(E).

Positive constants, which can differ in time ( hence: not a subject of precision)
will be indicated with an M . On the other hand M (a, 3, - - -) is used to focus on the
fact that the constant depends only on «, 3, - - -.

In paper [17], the following theorems on well-posedness of (1) in spaces of smooth
functions was established.

Theorem 1. Let A be a strongly positive operator in a Banach space E and f(t) €
C(E). Then, for the solution u(t) in C(E) of the initial value problem (1) the stability
inequality holds:

1
| Deullo + | v+ Au o< M || £ llee) - (2)

Theorem 2. Let A be a strongly positive operator in a Banach space E and f(t) €
C(Es)(0 < a < 1). Then for the solution u(t) in C'(E,) of the initial value problem
(1) the coercive inequality is valid:

[ e + || Aullopo < Ma™ (1 —a) ™" || f llo.,) - (3)

Here, the fractional space E, = E,(F, A)(0 < a < 1), consisting of all v € E for
which the following norm is finite:

o]l g, = sup A= || Aeap(=AA)v |l
A>0

is additionally introduced.
In the present paper, the stable difference scheme for the approximate solution of
initial value problem (1)

Tﬁl(ukfuk_1)+Auk+D‘?uk:fk'7 (4)
fk:f(tk), thk’T, ].SkSN, NT:1, ’LLOZO

is presented. Here,

1 1 Tk —m+2) ty — U 1 T 1
Diup=—= ) 22 T(k - )= [tFmmTEetdt. (5
D = S LA / rerdh (5)
- 0

The paper is organized as follows. The well-posedness of (4) in difference ana-
logues of spaces of smooth functions is established in Section 2. In Section 3 the
coercive stability estimates for the solution of difference schemes for the 2m-th order
multi-dimensional fractional parabolic equation and the one-dimensional fractional
parabolic equation with nonlocal boundary conditions in space variable are obtained.

2. THE WELL-POSEDNESS OF DIFFERENCE SCHEME

Let us first obtain the representation for the solution of problem (4). It is clear that
the first order of accuracy difference scheme

T_l(uk—uk_l)—FAuk:Fk, 1<kE<N, Nt=1Luy=0



has a solution and the following formula holds:

k
up = ZR’“*SHFST, 1<k<N,

s=1
1
where R = (I + 7'14)_1 . Applying the formula Fy, = fr — D2 uy, we get

k k
1
up = — § RE=st1D2y 7 + § RE=st1f 7 1<k <N. (6)

s=1 s=1

So, formula (6) gives the representation for the solution of problem (4).

Let F,(E) be the linear space of mesh functions o™ = { }IV with values in the Banach
space E. Next on F,(E) we introduce the Banach space C(E) = C([0,1],, E) with
the norm

T —
(K% HC,(E) = lI<r}ca<XN I ex [l -

Theorem 3. Let A be a strongly positive operator in a Banach space . Then, for
the solution u” = {u;}Y in C,(E) of initial value problem (4) the stability inequality
holds:

1 N
[{phu}, <M e @)

[ e = ) + A}

C,(E) C-(E)

Proof. Using formula (6), we get

k k
1 1
7 N up —up_1) = —DZuy + E ARF M DZugr + fr, — g ARF=sHLf 7, (8)
s=1 s=1

Applying formulas (8) and (5), we obtain

k _ 1
_Lzzr(k m+2)ARm_S+1fST%.

™ s=1m=s (k_m)'
Let us first obtain the estimate
k m+ )ARm s+1 % < M (9)
P (k—s)T

for any 1 < s < k < N. We have that

k
Z Fk m—|— )ARms+1%

m= [512»k:

k
k ,
Z m+ )ARm stlrs — !
\f




F(k‘ m + ) 1
- 714 m—s+1 72 —
Jrﬁ (k‘ m) R =J + Jo.

Using estimates [14]

M
AR < 1 <M1<k<N (10)
and the following elementary inequality
I'(k— z 1
(k=m+3) _ 0<m<k (11)
(k:—m)! k—m
we get
k
1 Lk —m+3) m—s+1 1
||J1||EHE < N Z (k —m)! H R HEHE : (12)
m:[sg—k
2M 1 i T < M, .
(k—=s)7vm —[2£%] \/(k‘—m)T \/(k_S)T
m=|—2
Now, we shall estimate .J,. We have that
stk
o L T(k—s+ %)T_% 1 T(k—[#E] + g)R[s;k]_gT_%
v (k—s)! VT (k= [52E] + 1)t
s+k 3
Z { (k=m+3) F(k—m+2)] J——y
e m)! (k—m+1)!

Applying estimates (10) and (11), we obtain

1 1 1
Dllp gL —=—F—e=+— —F 13
H 2HE E ﬁm T EE \/(k;—[ ]+1) ( )
s-gk _
1 k m + %) (k m + s 1
1 1 1 2
VT /(k—s)T VT (k—s)T
1 [
2 T M2
< )
mZS:H (k—m+1)ry/(k—m)m =~ /(k—s)7
Estimate (9) follows from estimates (12) and (13).
1
Now, let us first estimate z; = H D?u H . Applying the triangle inequality and
estimate (9), we get
k 1
1 LFk—m+3) 1
=r mgl “omy " Em t gl



Z I(k—m+ )ARm—s+1 3

i

(k —m)! =T
E—FE
L(k—m+3) 3
Z i)AR’” S N FA L
E—FE

26+ || fill ] + Ma [, + || full ] 72

Mgz\/?

for any £ = 1,-- -, N. Applying the above inequality and the difference analogue of
the integral inequality, we obtain

l N
e
1

<M e (- (14)

c,(E)
a(E)]

<M f7 e,y - (15)

Estimate (7) follows from estimates (14) and (15). Theorem 3 is proved.

Theorem 4. Let A be a strongly positive operator in a Banach space E. Then, for
the solution u” = {ux}Y in C,(F) of initial value problem (4) the almost coercive
stability inequality is valid:

Using the triangle inequality and equation (4), we get

—1 A N < T D% N
[t )+ A < U ey + | {DF e}

||{7—_1(uk — ukfl)}{VHCT(E) + H{Auk}]lVHCT(E) 1o

. 1 -
< Mmln{ln ;,1 +1n||A|E_,E} | fm e, g -

Proof. The proof of estimate

[ .
[t = wa)}| ngln{lnT,1+ln||A||EéE} I Nl (A7)

Cr(B)
for the solution of initial value problem (4) is based on estimate (7) and the following

estimates [12]:

max
1<k<N

k
> ARFHfr
=1

A .
< armin {1 214 ALs-s | 1 o)
E

k
1
max E ARk75+1D72uST
1<k<N -

o=

. 1 1
S Mmln{ln ;, 1 +1H||A|E_>E} || {D?uk}{v ||C(E) .
E

Using these estimates, the triangle inequality and equation (4), we get

it

1
oy < Mo (S LAl S e (09

Estimate (16) follows from estimates (17) and (18). Theorem 4 is proved.



Note that the Banach space E,, = E,, (E, A)(0 < a < 1) consists of those v € E for
which the norm
v |l g =sup A™ | AA+ A) ™Mo ||
A>0

is finite.

Theorem 5. Let A be a strongly positive operator in a Banach space E . Then,
for the solution u” = {ux}¥ in C;(E,) of the initial value problem (4) the coercive
stability inequality is valid:

{7~ (ke = up—1) ]1VHC’,.(E;) + H{Auk}]lVHCT(E;) (19)
<Ma7 A=) | 7 e, ) -
Proof. By Theorem 3,

1 N
o)
1

for the solution of initial value problem (4). The proof of estimate

<M 7 e,z (20)
C-(E,)

H{Tfl(uk—uk—ﬁ}]lvH <Ma™ (1=a) " [ 7 Moy, 1)

C-(E)

for the solution of initial value problem (4) is based on estimate (20) and the following
estimates [12] :

k
k—s+1 —1(q _ oA=L g7 ,
max, ZAR fsr|| = Mam (L=a)" | [T o) (22)
SPEN = B,
3 ARF5+1D2 Ma~1(1 U (D2 u}Y 23
- T Us < - - B T o)
IISI}CEJLSXN Z_; UsT p < Ma™( ) [ {DFurhy HC(EQ) (23)

Using the triangle inequality, estimates (22), (23) and equation (4), we get

[ €au?|

—1 —1 T
Co(E) <Moo (1-a)" | f ||C(E;) . (24)
Estimate (19) follows from estimates (21) and (24). Theorem 5 is proved.
Note that by passing to the limit for 7 — 0 one can recover Theorems 1 and 2.

3. APPLICATIONS

Now, we consider the applications of Theorem 3, 4 and 5.
First, the initial-value problem on the range {0 < t < 1,z € R"} for the 2m-order
multi-dimensional fractional parabolic equation is considered:

1 ”
2tn) L pio(ta)+ Y ap(w) ;o 4 ot ) = f(t,x),
r|=2m freE (25)

0<t<1;v(0,2)=0,2 €R™ |r| =711+ - 470,

where a,(z) and f(t,x) are given as sufficiently smooth functions. Here, o is a
sufficiently large positive constant.



The discretization of problem (25) is carried out in two steps. In the first step, the
grid space R} (0 < h < hg) is defined as the set of all points of the Euclidean space
R™ whose coordinates are given by

xp = sih, sp=0,+1,£2,-- - k=1,--- n.

The difference operator A} = B} + o1, is assigned to the differential operator
A® = B® + ¢, defined by (25). The operator

By =h72™ N BIATAY LAZTAR (26)
2m<|s|<S

acts on functions defined on the entire space R}. Here, s € R?" is a vector with
nonnegative integer coordinates,

Aps f (2) = £ (f" (x £ exh) — £ (2))

where ey, is the unit vector of the axis x.

An infinitely differentiable function ¢ (x) of the continuous argument x € R™ that
is continuous and bounded together with all its derivatives is said to be smooth.
We say that the difference operator A is a A-th order (A > 0) approximation of the
differential operator A* if the inequality

sup |Afp (z) — A% ()| < M (@) h*

TER}

holds for any smooth function ¢ (z) . The coefficients b¥ are chosen in such a way that
the operator A7 approximates in a specified way the operator A”. It is assumed that
the operator A7 approximates the differential operator A* with any prescribed order
[16] .

The function A® (h, h) is obtained by replacing the operator Ayt in the right-
hand side of equality (26) with the expression =+ (exp {£i§xh} — 1), respectively, and
is called the symbol of the difference operator B} .

We shall assume that for |§xh| < 7 and fixed x the symbol A*(&h, h) of the operator
By = A} — ol), satisfies the inequalities

(~1)™A%(€h, ) = MIEP™, |arg A”(¢h, )| < 6 < 0 < 5. (27)
Suppose that the coefficient b7 of the operator B} = Af —o1}, is bounded and satisfies

the inequalities
|prresh — T < MhS 2z € RY, e € (0,1]. (28)

With the help of A}, we arrive at the initial value problem

dv" (t,z) 3 h ) h h n
ForP + DRt ) + Afot (tx) = [ (tx), 0<t <1, z€R}, (29)
v"(0,2) = 0,2 € R}

for an infinite system of ordinary differential equations.
In the second step, problem (29) is replaced by the difference scheme

ul(z) =0, z € R}.



Based on the number of corollaries of the abstract theorems given in the above, to
formulate the result, one needs to introduce the spaces Cj, = C(R}') and

C,f = CA(RY) of all bounded grid functions u"(z) defined on R}, equipped with the
norms

h h
u(x) —u(x +y)
lu"llc, = sup [u"(@)], |[u"|lop = sup [u"(z)]+ sup () 5< |
zeR} h zeR} z,y€RY ‘y|

Theorem 6. Suppose that assumptions (27) and (28) for the operator A} hold. Then,
the solutions of the difference scheme (30) satisfy the following stability estimates:

ér}ganNHD ukHc < Miu )1I<r}ca<XNka||C”’0§MS1’
— N 1
H{T o — i) H L(CF) <M('u)ln7+|h| 1<k<NkaHC”’O<M< L

[t =)}

The proof of Theorem 5 is based on the abstract Theorems 3, 4 and 5, the strongly
positivity of the operator A7 defined by (33) in C}' [16] and the estimate

< M(o, pu) max Hf;}JHC;LHmQ ,0<2ma+p < 1.

Hcr(c;j“m‘*) 1<k<N

1
T+ |h]

1
min {ln —,1+1In ||Aﬁ|cg—>0;j} < M(p)ln
T

and on the following two theorems on the coercivity inequality for the solution of
the elliptic difference equation in 05 and on the structure of the fractional space
E(/)z (Ch, Ai)

Theorem 7[12]. Suppose that assumptions (27) and (28) for the operator A7 hold.
Then, for the solution of the elliptic difference equation

Aﬁuh(w) = wh(sc),ac eRy (31)
the estimate

Z h- 2m||Ae1 A32 SgnflAin:uhHCE < M(U76)||wh||(jf

2m<|s|<S
is valid.
Theorem 8[12]. Suppose that assumptions (27) and (28) for the operator A7 hold.
Then, for any 0 < a < 5. the norms in the spaces E,(Cj, Ay) and CZ™* are

equivalent uniformly in A.
Second, we consider the mixed boundary value problem for the fractional parabolic
equation

ulte) o Dot x) — alx) LobD) 1 gu(t,x) = f(t,2),
o<t<1,o<x<1;v(0,x)=0,0§x§1, (32)
u(t70) = U(t, 1)5 UT(t7O) = ur(ta 1)7 O S t S la

where a(t,z) and f(¢,x) are given sufficiently smooth functions and a(¢,x) > a > 0.
Here, o is a sufficiently large positive constant.

The discretization of problem (32) is carried out in two steps. In the first step, let us
define the grid space

0,1]p ={z:2z, =7h,0<r < K,Kh=1}.



We introduce the Banach space Cg = CP([0,1]n) (0 < B < 1) of the grid functions
©"(x) = {@,} 7! defined on [0, 1], equipped with the norm
|r+r — ol

h o h
2 Hc,ﬁ7 = |le HCh + 1<k<:E£)<K—1 0

where Cj, = C ([0,1],) is the space of the grid functions ¢"(z) = {@,}~* defined
on [0,1], equipped with the norm

H(thCh 1<k<K 1 [Pl -

To the differential operator A generated by the problem (32), we assign the difference
operator A} by the formula

A @) = { e ) + 00} (33)

acting in the space of grid functions " (z) = {, }{ satisfying the conditions
Yo = YK, Y1 — Yo = P — YK —1. With the help of A7, we arrive at the initial value
problem

dv" (t,x) ih xz,h _ frh
= DMt x) + Afot(tx) = fi(t ), 0<t <1, x€l0,1] (34)
v (0,7) =0,z € [0,1],

for an infinite system of ordinary fractional differential equations. In the second step,
we replace problem (34) by difference scheme (4)

M@ ) 4 pRyh 4 ATul(2) = fP(), f(@) = {fte o)} )

tr =k, 1<k <N, NT=1Lul(z) =0, z €[0,1].

Theorem 9. Let 7 and h be sufficiently small numbers. Then, the solutions of the
difference scheme (35) satisfy the following stability estimates:

max HDéuZH < M;(p) max kaHCu,OS,uS 1,
h

1<k<N o 1<k<N
N
H{T ol gy < M0 g 0 <<
{7 (ui — ull ) ?LVHCT(CEHQ) < M(a, p) ax ka HCLLMQ ,0< 20+ pu < 1.

The proof of Theorem 9 is based on the abstract Theorems 3, 4 and 5, the strongly
positivity of the operator A¥ defined by (33) in C}' and the estimate

1
i - ¥ m w <
min {ln — 1+ In[|A7llcx—cn } < M(p)ln —

and on the following theorem on the structure of the fractional space E. (C}, AY).
Theorem 10 [13]. For any 0 < a < 3, the norms in the spaces E}, (Cy, Af) and C3*
are equivalent uniformly in h.
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