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In this article, the poly-Hardy class on the unit disc is introduced and the
boundary behaviour of the function in this class is discussed. Then the
method used in Wang (Y.F. Wang, On modified Hilbert boundary-value
problems of polyanalytic functions, Math. Methods Appl. Sci. 32 (2009),
pp. 1415-1427) is applied to Hilbert-type boundary-value problems for the
poly-Hardy class on the unit disc, and the expression of solution and the
condition of solvability are explicitly obtained.
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1. Introduction

According to [1], a function f'defined on the open set G C C is said to be a polyanalytic
function of order n on G, or simply n-analytic function, if it satisfies the generalized
Cauchy-Riemann equation 9f(z) =0, ze G, where 9: = 1/2[d/0x + i(3/dy)] is the
classical Cauchy—Riemann operator. The generalized Cauchy—Riemann equation is
often called the homogeneous polyanalytic equation, and hence the polyanalytic
function is a solution of the homogeneous polyanalytic equation. As in [2], the class of
all the polyanalytic functions on the open set G is denoted as H,(G), and H(G) is just
the set of analytic functions on G. An excellent overview of properties for the
polyanalytic function is presented in Balk’s monograph [1].

In general, differential equations coupling diverse boundary conditions come as
various kinds of boundary-value problems (BVPs), such as Schwarz-type BVP,
Hilbert-type BVP, Riemann-type BVP, Neumann-type BVP and Dirichlet-type BVP.
The theory of BVPs for analytic functions and generalized analytic functions have
already been presented in many references, e.g. [3-6]. Different BVPs of the
polyanalytic function have been diffusely discussed, and the expression of solution
and the condition of solvability are obtained, see e.g. [2,7-12]. BVPs for other types
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of complex differential equations, including the nonhomogeneous polyanalytic
equation [13,14], the meta-analytic equation [11,15,16], the polyharmonic equation
[17], the higher order Poisson equation [18-20] and the nonhomogeneous Cauchy—
Riemann equation [21], have been widely investigated in the recent years. The theory
of BVPs is closely connected with that of singular integral equations, and it has
application in physics [5]. In particular, BVPs for generalized higher order Poisson
equations are transformed into equivalent singular integral equations by Aksoy and
Celebi [18,19].

Let D ={z: |z| < 1} be the unit disc on the complex plane C and T ={z: |f| =1} be
the unit circumference, oriented counterclockwise. A Hilbert-type BVP is to find a
function V€ H,(ID) such that 8" V,k=0,1,...,n—1 are continuous on the closed
unit disc D UT, satisfying n Hilbert-type boundary conditions

Re{[a_,- (1) + ib; (1)] - [ V]+(t)} =c(r), teT, j=01,....n—1  (L1)

with different factors a;, b;, c;e H(T; R) ( Holder-continuous and real-valued) for
j=0,1,...,n—1. For the case of n=2, the Hilbert-type BVP (1.1) of bianalytic
functions with the different factors has been discussed in detail [9]. For the case
a(t)+ib()=1,1eT, j=0,1,2,...,n—1, the Hilbert-type BVP (1.1) is reduced to
the Schwarz problem of the polyanalytic function, which has been solved by Begehr
and Schmersau [7]. If all the coefficients in the boundary conditions (1.1) also satisfy
the proportion conditions ag()b(t) =a(t)by(t), teT, j=1,2,...,n—1, a class of
modified Hilbert-type BVPs for polyanalytic functions has been discussed [8]. In
addition, Hilbert-type BVPs or Schwarz-type BVPs on other special domains, such
as the triangle, the upper half unit disc and the half ring, have been investigated, see
for example [14,21,22].

In this article, the boundary conditions (1.1) are required to be satisfied almost
everywhere on the unit circumference T, i.e.,

Re{[a(t)—i—ib(t)] : [a{;v]*(z)} =¢1), ae teT, j=01,....n—1, (1.2)

where all the boundary data a, b, ¢; are continuous on the unit circumference T.
In (1.1), VeH,D)N{V: ¥VeCT; R), k=0,1,...,n—1}, but ¥ in (1.2) are
required to belong to a broader class of functions, say the so-called poly-Hardy class
on the unit disc. Then the boundary behaviour of the function in this class is
discussed. Finally, in virtue of the decomposition of the poly-Hardy class, the explicit
expression of solutions and the conditions of solvability are obtained.

2. Poly-Hardy class and its boundary behaviour
Let /' be a function defined on the unit disc D, and define

[®) =flre®), 0<r<l @.1)
As in [23-25], the classical Hardy class on the unit disc is defined as

HI(D) = {fe Hi(D): [ /1l 4 < +o0},
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where

1/ g = sup{ll filly: 0 <r <1} 2.2

with

1 i
N q
1, = |z [roral. 0<q<oe o
I/l = sup{f}(&): 0 <0, 271]}.
When ¢ > 1, the Hardy class HY(ID) is a Banach space under the norm given in (2.2),
see [23].
If fe H,(D), n> 1, we define functions
.fj(z):aéf'(z), zeD for;j=0,1,2,...,n—1, (2.4)
and hence f°(z)=f(z), zeD. Besides, fc H,(D) admits the following classical
decomposition [1,2]:
@) =f@+21@) + -+ fumi(2), zeD,
where f; € H (D) is j-component of f.

Definition 2.1 For ¢>0 and n > 1, the subset of polyanalytic functions on [
{feHuD): [/ ll14 <400, j=0,1,....,n—1} (2.5)

is called poly-Hardy class of order n on the unit disc, where |[|-]|1 , is defined as (2.2)
and f” given in (2.4). Such a poly-Hardy class on the unit disc is denoted as HI(D).
Obviously, Hi(ID), g > 0 is a linear space. Let

n—1
1 g =D 11y V€ HYD), (2.6)

=0

where ||-]l1, is given in (2.2). In what follows, we always assume H{(D) = HY(D). If
n=1, the symbol |||, , defined as (2.6) is just |-]l;, given in (2.2). Thus, by
Definition 2.1, one has H}(D) = {f€ H,(D): || fl,, < +oc}. Now we have the
following decomposition of the poly-Hardy class.

THEOREM 2.1 If HU(D), ¢ > 0 is the poly-Hardy class of order n (n>1) on the unit
disc, then HY(D) = HI(D)®:ZHID)® --- ® " 'HI(D), where ZHI(D) = (Z/f(2):
fe HI(D)} for j=0,1,...,n—1.

Proof First, one needs to prove
HID) C H(D) + ZH!D) + - -- + "' HI(D). 2.7)

In fact, if fe HY(D), then fe H,(D) by Definition 2.1, and hence f(z)=
fo@+ 2@+ -+ Y01(2) with f;e H\(D) for j=0,1,...,n—1. By the simple
computation, one immediately gets the expression in the matrix form

t7(2) = ADfu(z), zeD, (2.8)
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with
1) Jo(2)
1) N1(2)
f(z) = _ . GRS . (2.9)
/") Jn-1(2)
and
1 z 22 ... Zn1
o 1 2z - (n—1)z""2
A)=|0 0 21 - (n—Dn- 2)z"3 | (2.10)
0o o 0 --- (n—1)

In (2.9), f, j=0, 1,...,n—1 are defined by (2.4) and f; is j-component of f. (2.8)
directly leads to

fu(2) = A\ (Of (2), zeD, (2.11)

where A7'(z) is the inverse of A(z) given in [10], i.e., A~'(2) = (b/(2))nxn With

D™
b2y =1 G—lk -1~ I=5
0, j<k.

Therefore, (2.11) implies f; € HI(D) for j=0, 1,...,n— 1, which leads to the validity
of (2.7). Hence one has HY(D) = H!(D) + zH{(D) + - - - + z""' H{(D).

Finally, if 0=fy(z)+zfi(2) +---+2"""f,_1(z) with feH{(D) for j=0,
I,....,n—1, it follows from (2.11) that f(z)=0, zeD for j=0, I,...,n—1.
This completes the proof. |

For an arbitrary function in the poly-Hardy class H%(ID), the following boundary
behaviour is true.

THEOREM 2.2 If fe HYD), q > 0, then f has the nontangential limits f*(t) almost
everywhere on T, and

lim [/ = f7ll, = 0. (2.12)
where f,, |||, are given in (2.1) and (2.3), respectively.
Proof If fe HI(D), g > 0, by Theorem 2.1, one has

[ =@+ 2@+ -+ fo2), (2.13)

with f(z) € H{(D) for j=0,1,...,n— 1. By the boundary behaviour of the function in
the classical Hardy class H{(D) (see Theorem 17.12 in [23]), f; has the nontangential
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limits fj+(t) almost everywhere on T, and
lim| £+ = (),
where (f)), is defined in (2.1). Let

O =fO+i1 O+ +177 (0, ae reT. (2.15)

Therefore, the decomposition (2.13) implies that f has the nontangential limits /7 (7)
defined as (2.15) almost everywhere on T. By (2.13) and (2.15),

=0, (2.14)
q

n—1

17 =£l, = 205" = Ul + =D,

=0
which leads to the validity of (2.12) by virtue of (2.14). The proof is completed. M

Remark 2.1 1In Theorem 2.2, f is usually called the nontangential boundary-value
of the function f. In what follows, the symbol /" is always understood as the
nontangential boundary value of f.

By Theorem 2.1, f'e HI(ID) also admits the following decomposition:

@O =fE+CE+AE)+ - +E+2)" fmi(2), zeD, (2.16)

with f;(z) € H{(D) for j=0, 1,...,n— 1. The decomposition (2.16) will be used in
Section 4.

3. Hilbert BVP for Hardy class
In this section, we introduce the theory of Hilbert-type BVP for the Hardy class on
the unit disc under the continuous boundary data. For the case of the piecewise
continuous boundary data, we refer readers to reference [24].

Let C(T;R) denote the set of all the real-valued continuous functions defined on
the unit circumference T. Our problem is to find a function ® € H/(D), ¢>1
satisfying the following Hilbert-type boundary condition

Re{[a(?) + ib(D]®* (1)} = c(r), ae. 1€T, 3.1

where a, b, c € C(T; R) and a*(1) + b*(1)=1, t € T. The problem (3.1) is called Hilbert
BVP of the Hardy class.

One of the simple Hilbert-type BVP for the Hardy class is the nonhomogenecous
Schwarz problem, i.e., a(f)+ib(f)=1, t€T in (3.1). The following lemma is the
classical result, and readers can refer reference [24].

LemmA 3.1 The nonhomogeneous Schwarz problem
® e HI(D), qg>1,
Re{®F(0)} = (1), a.e. teT with ce L(T; R),
Im{®(0)} =0
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has the unique solution

1 d
@(z)zz—m/]_c(r)‘[_’_z—r, zeD.

T—Z 7T

The following conclusion, due to V.I. Smirnov, is often called Smirnov’s theorem,
which can be found in [24,25].

LemMmA 3.2 Suppose h(z) = ¢(z) + iv(z) € H(D), where ¢, ¥ are the real part and the
imaginary part, respectively. If 9 € C(DUT), then exp{ih(z)} € H/(D) for any q > 0.

Let
1
k=5 {argla(r) — ib(D)]}T, (3.2)

which is often said to be the index of Hilbert problem (3.1), see [4,8,9]. Introduce the
Schwarz operator S as in [8,9], i.e.,

S[edl(2) zzim,/va(f)ij%, zeD, (33)
with
a(t) = arg{t “[a(t) — ib(1)]}, teT. (3.4)
Now define
X(z) = iz" exp{iS[](z)}, zeD\{0}, (3.9

where S is just the Schwarz operator. And we have the following result, which
generalizes the corresponding conclusion in [8,9].

THEOREM 3.1 Let X be defined by (3.5). Then X has the following properties:
(1) Re{[a(t) +ib())X (1)} =0, a.e. teT.
(2) For any q>0, z“X(z) € HY(D), [z “X(2)]' € HY(DD).
(3) X(z)#0, zeD\{0} and X () #0, a.e. teT.
(4) X(z) possesses a pole of order —k at z=0. In the precise words,
lim,_0z7%X(z) = ¢ # 0, where ¢ is a complex constant.

Such a function X is called the canonical function of Hilbert problem (3.1). Further, if
X1, X5 are two canonical functions of Hilbert problem (3.1), there exists a constant
ceC, ¢#0, such that X (z) =c- Xx(z), zeD.

Proof Let X be defined by (3.5) and S[e] be denoted as u+iv, i.e., S[e](z)=
u(z) +iv(z), z e D. Since a € C(T; R), one has u* (1) = (), € T by Lemma 3.1. By the
relation between the harmonic function and its conjugate (see §2 of Chapter 9
in [25]), vT(¢) exists almost everywhere on the unit circumference T. Hence

Xt() = it* explic(t) — v (1)}, ae. teT, (3.6)
which in turn implies
Re{[a(t) + ib(D]XH (1)} = Re{ i[a1) + ib(1)) " [a(r) — ib(z)]e—”’)} —0 aec reT.
3.7)
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The first equality in (3.7) follows from
0 = (1) — ib(1)], teT.

Therefore, Property 1 remains true.

Property 2 follows directly from Lemma 3.2. By (3.5) and (3.6), Property 3 is also
valid. Since lim,_, o z7*X(z) = iexp{iS[¢](0)} # 0, Property 4 is obvious.

Finally, one needs to prove that, if X, X, are two canonical functions of Hilbert
problem (3.1), there exists a constant ¢ € C, ¢ #0, such that X(z) =c¢- X5(z), zeD. As
a matter of fact, Property 1 implies

Re[[a(t) n ib(t)]Xj?“(t)} —0, aec reT forj=1,2. (3.8)

By Property 3, (3.8) leads to

Re{F ()} =0, aec. (€T, (3.9)
with
F(z):i))((lz((zz)), zeD\{0).

On the other hand, Property 4 implies
lim F(z) = —ic, ¢ #0. (3.10)
By Property 2 and the Hélder inequality, one gets

Fe H/D), ¢> 1. (3.11)

Combining (3.9), (3.10) and (3.11), one immediately gets a Schwarz-type problem. By
Lemma 3.1, F(z) = —ic, ze D, and hence X(z) =c¢ - X5(z), ze€D. This completes the
proof of the theorem. |

Remark 3.1 By the boundary behaviour of the function in the Hardy class HY(ID)
[23,24], Theorem 3.1 implies X € L,(T) for any ¢ > 0.

Next, we will discuss the homogeneous Hilbert BVP (3.1): ¢(1)=0, teT
in (3.1), i.e.,

Re{[a(r) + ib()]®* (1)} =0, ae. teT. (3.12)
The class of symmetric Laurent polynomials is defined as in [8,9]

k
STl = nkzch,zj:Rec0=0,¢/=—c7__,»,j=1,2,...,k, k>0.
=k

If k£ <0, we assume STI, = {0}. Obviously,
Re{mi (1)} =0, teT,

for any 7, € STIj. Similar to the discussion in [9], the solution of the homogeneous
Hilbert-type BVP (3.12) is obtained.
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LemMA 3.3 The homogeneous Hilbert BV P (3.12) for the Hardy class is solvable and
its solution can be written as

®(z) = X(2) - me(z)  with 7, € ST1,,
where k, X are defined by (3.2) and (3.5), respectively.
Proof For the moment, let
Hy (D) = {p € H(D\{0}): Ord(p,0) < ¢}, (leZ,

where the symbol Ord(gp, 0) is the order of ¢ at z=0 defined as in [8]. The operator
Ly Hy (D) — ST1, is introduced as follows [9]:

Lilele) =) ¢z (3.13)
j=—t
with
—da_j, .] > 09
¢j=14 ilmay, j=0,
aj, Jj< 0,

where a; is the coefficient of Laurent’s expansion of ¢ € H, ,(ID) at the origin given by

o)=Y az, zeD\(0}.

=

By Theorem 3.1, (3.12) is equivalent to the following Schwarz-type BVP:

{ Re{Ff(n} =0, ae. €T, (3.14)

Im{F(0)} =0,

with ¢(z) = ®(2) - [iX(2)] ' € HI(D) and F(z) = ¢(z) — L[¢l(z) € H{(D), where «, X
are defined by (3.2) and (3.5), respectively. By Lemma 3.1, one has F(z)=0, ze D,
which leads to the validity of Lemma 3.3. |

For the nonhomogeneous Hilbert-type BVP (3.1), one easily gets the following
result by Lemmas 3.1 and 3.3 [9,24].

THEOREM 3.2 When k>0, Hilbert BVP (3.1) for the Hardy class is solvable and its
solution can be written as

_X(2) c(7) T+ zdr

D(z) = 2t ) () + I (D) T = - +iX(z) - (z) with m(z)e STI,.

When k <0, if and only if the conditions of solvability

c(7) e - o
[ﬂ'[a(f)+ib(r)]X+(.[)f dr=0, ¢=0,1,...,—«—1
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are satisfied, Hilbert BV P (3.1) for the Hardy class is solvable and its solution can be
expressed as

exp{I'(z)} c(7) dr
27 Jyla(z) + ib(v)]exp{TH(r)}t — 2’

s __pea(r) —ib(r)\ | T +zde
re = 4m-/v[1°g( T+ ib<f>>] T

D(z) =

with

4. Hilbert BVP for poly-Hardy class

The simplest Hilbert problem for the poly-Hardy class is to find a function
Ve HI(D), g > 1 satisfying the following boundary conditions:

Re{[aer(t)} —0, ae reTforj=0,1,....,n—1. (@.1)

This problem is called the homogeneous Schwarz BVP of the poly-Hardy class on the
unit disc. As in [§], let

= {Snmea(f"i_z)snm®"’®(E+2)n_lsnrna mZO, (4 2)

Sy =
{0}, m <0,
and one gets the following result.

THEOREM 4.1 The homogeneous Schwarz BVP (4.1) for the poly-Hardy class is
solvable and the set of solutions is Sy, where S is defined as (4.2).

Proof By the decomposition (2.16),
V(i) =Vo(2)+ G4+ 2)Vi) 4+ E+ 2" W,_i1(z)  with Ve HI(D),

for j=0,1,...,n—1. Thus, substituting this decomposition into the boundary
conditions (4.1), one easily gets n independent Schwarz BVPs of the Hardy class on
the unit disc

Re{V/*(t)} —0, ae reT, j=0,1,....n—1,

and hence V;eSTl, for j=0,1,...,n—1 by Lemma 3.1. This completes the
proof. |

The homogeneous Hilbert-type BVP for the poly-Hardy class is to find V' € Hi(ID)
satisfying

Re[[a(l) +ib(1)] - [a-_;’V]*(z)} —0, ae teTforj=0,1,....n—1, 4.3)

where a,b € C(T; R).
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THEOREM 4.2 The homogeneous Hilbert-type BV P (4.3) for the poly-Hardy class is
solvable and its solution can be represented as

W(z) = iX(z)m (z) with m, € S, (4.4)

where X is defined as (3.5). Namely, the set of solutions of the homogeneous Hilbert-
type BVP (4.3) is iXS,.

Proof By Properties 1, 2 and 3 of the canonical function X in Theorem 3.1, the
boundary conditions (4.3) are equivalent to

Re{[a-;Wr(z)} —0, ae reT forj=0,1,....n—1, (4.5)
with
_ e
W(z)_iX(Z), ze D\{0}.

Let W(z) = Wo(@) +CG+Wi@)+- +CE+2"""W,_1(z) with Ord( W;,0) <«
for j=0,1,...,n—1. Since (4.5) is equivalent to Re{go_f(t)} =0, a.e. teT with
¢ =W;— L[W;]e H(D) for j=0,1,...,n—1, where the operator L, is given
in (3.13), one immediately gets ¢(z)=0, zeD by Lemma 3.1. This leads to the
validity of (4.4). |

Finally, we discuss the nonhomogeneous Hilbert-type BVP for the poly-Hardy
class: find a function V' e Hi(ID) satisfying the following Hilbert-type conditions:

Re{[a(z) +ib(0)] - [0k V]+(t)} = ¢(1), ae teTforj=0,1,....n—1,  (4.6)

where a,b,c;e C(T; R), j=0,1,...,n—1.
As in [8], the poly-Schwarz operator on the unit circumference T is introduced as
follows:

- 1
- -Tmﬂy/c(r)(r—z+r—z>

kT+Z$

n—1
S0, - va)@) = ) eD, 4.7)
k=0

T—Z7T

where the kernel functions y,e L(T; R) for k=0,1,...,n—1. By Lemma 3.1,
one immediately has

Re{[a;'S[yo,...,yn_l]]*(z)}:y_,(t), ae teTforj=0,1,....n—1.  (48)

By Theorem 3.1, boundary conditions (4.6) are transformed to

Re 8j£ +(l) = G () ae. teT forj=0,1 n—1, 4.9
\ix = a0 + (X T J=S b=l
where the canonical function X is defined by (3.5). By Remark 3.1,
¢ (1)

ila(t) + ib(H)] X+ (1) eL,(D;R) forj=0,1,....n—1,
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and hence the function

€o Cn—1
Ve =16 S[(a FIXT T at ib)x+}(z) (4.10)

satisfies the boundary conditions (4.9) in virtue of (4.8). Therefore, we have

B +
Re{[8/<%/)j| (t)} =0, ae. teTforj=0,1,....,n—1. 4.11)

Now the Hilbert-type BVP (4.6) for the poly-Hardy class is discussed in
two cases.

Case 1 When k>0, by Theorem 4.2, the solution of the Hilbert-type BVP (4.6) for
the poly-Hardy class can be represented as

V(z) = U) + iX(2)me(z)  with 7, € G, 4.12)

Case 2 When « <0, if the Hilbert-type problem (4.6) for the poly-Hardy class is
solvable, then (4.11) leads to

V-U
iX

S 60.

Since U given in (4.10) can be decomposed as

n—1

Ux) = X(2) Y E+ 2/ (-1)U; (2), (4.13)
j=0
with

n—1 k _ k—i
B (=1) 1 a(@E+1)7 t4zdr o
Ui = Z k=) 2mf[a(r)+ib(z)]x+(z)z—z7 forj=0.1,-...n =1,

(4.14)

one has
V(2) = X(z) ”2(2 +2)/ (1Y[Ui(2) = ¢j] with ¢;eR (4.15)

for j=0,1,...,n— 1. Obviously, V(z) given in (4.15) is the solution of the Hilbert-
type BVP (4 6) for the poly-Hardy class if and only if the limit lim z“[U; (2) — ¢;]
exists for j=0,1,...,n— 1. At the neighbourhood of the origin, = -0

K k+1

R 3  EEEb (o R

one easily gets ¢;=0 for j=0, 1,...,n—1, and

n—1 k - f—j
(=1 g+’ dr £=0,1,...,—k—1,
;j!(k —j)!ﬁ[a(r)wb(r)]ﬁ(r)rﬁ_ 0 for {j:O,l,...,n— o @10
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Therefore, if the conditions (4.16) are fulfilled, the solution of the Hilbert BVP (4.6)
for the poly-Hardy class can be rewritten as

n—1

V@) =) CG+z/ (D)), (4.17)
j=0

with

n—1 k . _ f—j
_ (=D exp{iS[e](2)} a@E+0 rdt
V@)= kZ:; k=) i /T [a(z) + ib(T)]expliS[o] (D)} T — 2z (4.18)

forj=0,1,...,n—1,

where S[a](7) is the nontangential boundary value of S[e] given in (3.3). To sum up
the discussion above, the main result is obtained.

THeEOREM 4.3 When k > 0, the solution of the nonhomogeneous Hilbert-type BV P (4.6)
for the poly-Hardy class can be represented as (4.12). When k <0, if and only if
the conditions (4.16) are fulfilled, the nonhomogeneous Hilbert-type BV P (4.6) for the
poly-Hardy class is solvable and its solution can be written as (4.17) with (4.18).

Remark 4.1 Similar to the discussion in [8], the results obtained here can be
generalized to the modified Hilbert-type BVP for the poly-Hardy class on the unit
disc. In particular, if c(f)=c(?), teT for j=0,1,...,n—1, then the conditions of
solvability (4.16) can be reduced to

C(T)('E+T)/ E EZO,I,...,—K—I,
7la(®) + ib(D]X* (1) T j=0,1,...,n—1.
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