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On Hilbert-type boundary-value problem of poly-Hardy class

on the unit discy

Yufeng Wang*
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In this article, the poly-Hardy class on the unit disc is introduced and the
boundary behaviour of the function in this class is discussed. Then the
method used in Wang (Y.F. Wang, On modified Hilbert boundary-value
problems of polyanalytic functions, Math. Methods Appl. Sci. 32 (2009),
pp. 1415–1427) is applied to Hilbert-type boundary-value problems for the
poly-Hardy class on the unit disc, and the expression of solution and the
condition of solvability are explicitly obtained.

Keywords: poly-Hardy class; boundary behaviour; Hilbert-type problem;
polyanalytic function

AMS Subject Classifications: 30E25; 30G30; 31A25; 45E05

1. Introduction

According to [1], a function f defined on the open setG�C is said to be a polyanalytic
function of order n on G, or simply n-analytic function, if it satisfies the generalized
Cauchy–Riemann equation @n�zf ðzÞ ¼ 0, z2G, where @ �z ¼ 1=2½@=@xþ ið@=@yÞ� is the
classical Cauchy–Riemann operator. The generalized Cauchy–Riemann equation is
often called the homogeneous polyanalytic equation, and hence the polyanalytic
function is a solution of the homogeneous polyanalytic equation. As in [2], the class of
all the polyanalytic functions on the open set G is denoted asHn(G), andH1(G) is just
the set of analytic functions on G. An excellent overview of properties for the
polyanalytic function is presented in Balk’s monograph [1].

In general, differential equations coupling diverse boundary conditions come as
various kinds of boundary-value problems (BVPs), such as Schwarz-type BVP,
Hilbert-type BVP, Riemann-type BVP, Neumann-type BVP and Dirichlet-type BVP.
The theory of BVPs for analytic functions and generalized analytic functions have
already been presented in many references, e.g. [3–6]. Different BVPs of the
polyanalytic function have been diffusely discussed, and the expression of solution
and the condition of solvability are obtained, see e.g. [2,7–12]. BVPs for other types
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of complex differential equations, including the nonhomogeneous polyanalytic

equation [13,14], the meta-analytic equation [11,15,16], the polyharmonic equation

[17], the higher order Poisson equation [18–20] and the nonhomogeneous Cauchy–

Riemann equation [21], have been widely investigated in the recent years. The theory

of BVPs is closely connected with that of singular integral equations, and it has

application in physics [5]. In particular, BVPs for generalized higher order Poisson

equations are transformed into equivalent singular integral equations by Aksoy and

Çelebi [18,19].
Let D¼ {z: jzj< 1} be the unit disc on the complex plane C and T¼ {t: jtj ¼ 1} be

the unit circumference, oriented counterclockwise. A Hilbert-type BVP is to find a

function V2Hn(D) such that @k�zV, k ¼ 0, 1, . . . , n� 1 are continuous on the closed

unit disc D[T, satisfying n Hilbert-type boundary conditions

Re ½aj ðtÞ þ ibj ðtÞ� � @
k
�zV

� �þ
ðtÞ

n o
¼ cjðtÞ, t2T, j ¼ 0, 1, . . . , n� 1 ð1:1Þ

with different factors aj, bj, cj2H(T; R) ( Hölder-continuous and real-valued) for

j¼ 0, 1, . . . , n� 1. For the case of n¼ 2, the Hilbert-type BVP (1.1) of bianalytic

functions with the different factors has been discussed in detail [9]. For the case

aj(t)þ ibj(t)� 1, t2T, j¼ 0, 1, 2, . . . , n� 1, the Hilbert-type BVP (1.1) is reduced to

the Schwarz problem of the polyanalytic function, which has been solved by Begehr

and Schmersau [7]. If all the coefficients in the boundary conditions (1.1) also satisfy

the proportion conditions a0(t)bj(t)¼ aj(t)b0(t), t2T, j¼ 1, 2, . . . , n� 1, a class of

modified Hilbert-type BVPs for polyanalytic functions has been discussed [8]. In

addition, Hilbert-type BVPs or Schwarz-type BVPs on other special domains, such

as the triangle, the upper half unit disc and the half ring, have been investigated, see

for example [14,21,22].
In this article, the boundary conditions (1.1) are required to be satisfied almost

everywhere on the unit circumference T, i.e.,

Re ½aðtÞ þ ibðtÞ� � @k�zV
� �þ

ðtÞ
n o

¼ cjðtÞ, a.e. t2T, j ¼ 0, 1, . . . , n� 1, ð1:2Þ

where all the boundary data a, b, cj are continuous on the unit circumference T.

In (1.1), V2HnðDÞ \ fV : @k�zV2CðT; RÞ, k ¼ 0, 1, . . . , n� 1g, but V in (1.2) are

required to belong to a broader class of functions, say the so-called poly-Hardy class

on the unit disc. Then the boundary behaviour of the function in this class is

discussed. Finally, in virtue of the decomposition of the poly-Hardy class, the explicit

expression of solutions and the conditions of solvability are obtained.

2. Poly-Hardy class and its boundary behaviour

Let f be a function defined on the unit disc D, and define

frð�Þ ¼ fðrei�Þ, 0 � r5 1: ð2:1Þ

As in [23–25], the classical Hardy class on the unit disc is defined as

HqðDÞ ¼ f f2H1ðDÞ : k f k1,q 5þ1g,

2 Y. Wang498



where

k f k1,q ¼ supfk frkq : 0 � r5 1g ð2:2Þ

with

k frkq ¼
1

2�

Z
T

j frð�Þj
qd�

� �1
q

, 05 q51,

k frk1 ¼ sup frð�Þ : � 2 ½0, 2��
� �

:

8><
>: ð2:3Þ

When q> 1, the Hardy class Hq(D) is a Banach space under the norm given in (2.2),

see [23].
If f2Hn(D), n> 1, we define functions

f jðzÞ ¼ @ j�zf ðzÞ, z2D for j ¼ 0, 1, 2, . . . , n� 1, ð2:4Þ

and hence f 0(z)¼ f(z), z2D. Besides, f2Hn(D) admits the following classical

decomposition [1,2]:

f ðzÞ ¼ f0ðzÞ þ �zf1ðzÞ þ � � � þ �zn�1fn�1ðzÞ, z2D,

where fj2H1(D) is j-component of f.

Definition 2.1 For q> 0 and n> 1, the subset of polyanalytic functions on D

f f2HnðDÞ : k f
j k1,q 5þ1, j ¼ 0, 1, . . . , n� 1g ð2:5Þ

is called poly-Hardy class of order n on the unit disc, where k�k1,q is defined as (2.2)

and f j given in (2.4). Such a poly-Hardy class on the unit disc is denoted as Hq
nðDÞ.

Obviously, Hq
nðDÞ, q4 0 is a linear space. Let

k f kn,q ¼
Xn�1
j¼0

k f j k1,q 8f2H
q
nðDÞ, ð2:6Þ

where k�k1,q is given in (2.2). In what follows, we always assume H
q
1ðDÞ ¼ HqðDÞ. If

n¼ 1, the symbol k�kn,q defined as (2.6) is just k�k1,q given in (2.2). Thus, by

Definition 2.1, one has Hq
nðDÞ ¼ f f2HnðDÞ : k f kn,q 5þ1g: Now we have the

following decomposition of the poly-Hardy class.

THEOREM 2.1 If Hq
nðDÞ, q4 0 is the poly-Hardy class of order n (n> 1) on the unit

disc, then Hq
nðDÞ ¼ H

q
1ðDÞ � �zH

q
1ðDÞ � � � � � �zn�1H

q
1ðDÞ, where �z jH

q
1ðDÞ ¼ f �z

jf ðzÞ :

f2H
q
1ðDÞg for j¼ 0, 1, . . . , n� 1.

Proof First, one needs to prove

Hq
nðDÞ � H

q
1ðDÞ þ �zH

q
1ðDÞ þ � � � þ �zn�1H

q
1ðDÞ: ð2:7Þ

In fact, if f2Hq
nðDÞ, then f2Hn(D) by Definition 2.1, and hence f ðzÞ ¼

f0ðzÞ þ �zf1ðzÞ þ � � � þ �zn�1fn�1ðzÞ with fj2H1(D) for j¼ 0, 1, . . . , n� 1. By the simple

computation, one immediately gets the expression in the matrix form

f#ðzÞ ¼ Að �zÞf#ðzÞ, z2D, ð2:8Þ

Complex Variables and Elliptic Equations 3499



with

f#ðzÞ ¼

f 0ðzÞ

f 1ðzÞ

..

.

f n�1ðzÞ

0
BBBB@

1
CCCCA, f#ðzÞ ¼

f0ðzÞ

f1ðzÞ

..

.

fn�1ðzÞ

0
BBBB@

1
CCCCA ð2:9Þ

and

AðzÞ ¼

1 z z2 � � � zn�1

0 1! 2z � � � ðn� 1Þzn�2

0 0 2! � � � ðn� 1Þðn� 2Þzn�3

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � ðn� 1Þ!

0
BBBBBBB@

1
CCCCCCCA
: ð2:10Þ

In (2.9), f j, j¼ 0, 1, . . . , n� 1 are defined by (2.4) and fj is j-component of f. (2.8)

directly leads to

f#ðzÞ ¼ A�1ð �zÞf#ðzÞ, z2D, ð2:11Þ

where A�1(z) is the inverse of A(z) given in [10], i.e., A�1(z)¼ (bkj(z))n	n with

bkjðzÞ ¼

ð�1Þkþj

ð j� kÞ!ðk� 1Þ!
z j�k, j 
 k,

0, j5 k:

8<
:

Therefore, (2.11) implies fj 2H
q
1ðDÞ for j¼ 0, 1, . . . , n� 1, which leads to the validity

of (2.7). Hence one has Hq
nðDÞ ¼ H

q
1ðDÞ þ �zH

q
1ðDÞ þ � � � þ �zn�1H

q
1ðDÞ:

Finally, if 0 ¼ f0ðzÞ þ �zf1ðzÞ þ � � � þ �zn�1fn�1ðzÞ with fj 2H
q
1ðDÞ for j¼ 0,

1, . . . , n� 1, it follows from (2.11) that fj(z)� 0, z2D for j¼ 0, 1, . . . , n� 1.

This completes the proof. g

For an arbitrary function in the poly-Hardy class Hq
nðDÞ, the following boundary

behaviour is true.

THEOREM 2.2 If f2Hq
nðDÞ, q4 0, then f has the nontangential limits fþ(t) almost

everywhere on T, and

lim
r!1
k f þ� frkq ¼ 0, ð2:12Þ

where fr, k�kq are given in (2.1) and (2.3), respectively.

Proof If f2Hq
nðDÞ, q4 0, by Theorem 2.1, one has

f ðzÞ ¼ f0ðzÞ þ �zf1ðzÞ þ � � � þ �zn�1fn�1ðzÞ, ð2:13Þ

with fjðzÞ 2H
q
1ðDÞ for j¼ 0, 1, . . . , n� 1. By the boundary behaviour of the function in

the classical Hardy class H
q
1ðDÞ (see Theorem 17.12 in [23]), fj has the nontangential

4 Y. Wang500



limits fþj ðtÞ almost everywhere on T, and

lim
r!1

fþj � ð fj Þr

��� ���
q
¼ 0, ð2:14Þ

where (fj)r is defined in (2.1). Let

f þðtÞ ¼ fþ0 ðtÞ þ �tfþ1 ðtÞ þ � � � þ �t
n�1

fþn�1ðtÞ, a.e. t2T: ð2:15Þ

Therefore, the decomposition (2.13) implies that f has the nontangential limits fþ(t)

defined as (2.15) almost everywhere on T. By (2.13) and (2.15),

f þ � fr
�� ��

q
�
Xn�1
j¼0

��� f þj � ð fj Þr��q þ ð1� r j Þ �
��ð fj Þr��q�,

which leads to the validity of (2.12) by virtue of (2.14). The proof is completed. g

Remark 2.1 In Theorem 2.2, fþ is usually called the nontangential boundary-value

of the function f. In what follows, the symbol fþ is always understood as the

nontangential boundary value of f.
By Theorem 2.1, f2Hq

nðDÞ also admits the following decomposition:

f ðzÞ ¼ f0ðzÞ þ ð �zþ zÞ f1ðzÞ þ � � � þ ð �zþ zÞn�1fn�1ðzÞ, z2D, ð2:16Þ

with fj ðzÞ 2H
q
1ðDÞ for j¼ 0, 1, . . . , n� 1. The decomposition (2.16) will be used in

Section 4.

3. Hilbert BVP for Hardy class

In this section, we introduce the theory of Hilbert-type BVP for the Hardy class on

the unit disc under the continuous boundary data. For the case of the piecewise

continuous boundary data, we refer readers to reference [24].
Let C(T;R) denote the set of all the real-valued continuous functions defined on

the unit circumference T. Our problem is to find a function �2Hq(D), q> 1

satisfying the following Hilbert-type boundary condition

Re ½aðtÞ þ ibðtÞ��þðtÞ
� �

¼ cðtÞ, a.e. t2T, ð3:1Þ

where a, b, c2C(T; R) and a2(t)þ b2(t)� 1, t2T. The problem (3.1) is called Hilbert

BVP of the Hardy class.
One of the simple Hilbert-type BVP for the Hardy class is the nonhomogeneous

Schwarz problem, i.e., a(t)þ ib(t)� 1, t2T in (3.1). The following lemma is the

classical result, and readers can refer reference [24].

LEMMA 3.1 The nonhomogeneous Schwarz problem

�2HqðDÞ, q4 1,

Ref�þðtÞg ¼ cðtÞ, a:e: t2T with c2LqðT; RÞ,

Imf�ð0Þg ¼ 0

8>><
>>:
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has the unique solution

�ðzÞ ¼
1

2�i

Z
T

cð�Þ
� þ z

� � z

d�

�
, z2D:

The following conclusion, due to V.I. Smirnov, is often called Smirnov’s theorem,
which can be found in [24,25].

LEMMA 3.2 Suppose h(z)¼ ’(z)þ i (z)2H1(D), where ’,  are the real part and the
imaginary part, respectively. If ’2C(D[T), then exp{ih(z)}2Hq(D) for any q> 0.

Let

� ¼
1

2�
farg½aðtÞ � ibðtÞ�gT, ð3:2Þ

which is often said to be the index of Hilbert problem (3.1), see [4,8,9]. Introduce the
Schwarz operator S as in [8,9], i.e.,

S½��ðzÞ ¼
1

2�i

Z
T

�ð�Þ
� þ z

� � z

d�

�
, z2D, ð3:3Þ

with

�ðtÞ ¼ argft��½aðtÞ � ibðtÞ�g, t2T: ð3:4Þ

Now define

XðzÞ ¼ iz� expfiS½��ðzÞg, z2Dnf0g, ð3:5Þ

where S is just the Schwarz operator. And we have the following result, which
generalizes the corresponding conclusion in [8,9].

THEOREM 3.1 Let X be defined by (3.5). Then X has the following properties:

(1) Re{[a(t)þ ib(t)]Xþ(t)}¼ 0, a.e. t2T.
(2) For any q> 0, z��X(z)2Hq(D), [z��X(z)]�12Hq(D).
(3) X(z) 6¼ 0, z2D\{0} and Xþ(t) 6¼ 0, a.e. t2T.
(4) X(z) possesses a pole of order �� at z¼ 0. In the precise words,

limz!0 z
��XðzÞ ¼ c 6¼ 0, where c is a complex constant.

Such a function X is called the canonical function of Hilbert problem (3.1). Further, if
X1, X2 are two canonical functions of Hilbert problem (3.1), there exists a constant
c2C, c 6¼ 0, such that X1(z)¼ c �X2(z), z2D.

Proof Let X be defined by (3.5) and S[�] be denoted as uþ iv, i.e., S[�](z)¼
u(z)þ iv(z), z2D. Since �2C(T; R), one has uþ(t)¼�(t), t2T by Lemma 3.1. By the
relation between the harmonic function and its conjugate (see x2 of Chapter 9
in [25]), vþ(t) exists almost everywhere on the unit circumference T. Hence

XþðtÞ ¼ it� expfi�ðtÞ � vþðtÞg, a.e. t2T, ð3:6Þ

which in turn implies

Re ½aðtÞ þ ibðtÞ�XþðtÞ
� �

¼ Re it�½aðtÞ þ ibðtÞ�t��½aðtÞ � ibðtÞ�e�v
þðtÞ

n o
¼ 0 a:e: t2T:

ð3:7Þ
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The first equality in (3.7) follows from

ei�ðtÞ ¼ t��½aðtÞ � ibðtÞ�, t2T:

Therefore, Property 1 remains true.
Property 2 follows directly from Lemma 3.2. By (3.5) and (3.6), Property 3 is also

valid. Since limz!0 z
��XðzÞ ¼ i expfiS½��ð0Þg 6¼ 0, Property 4 is obvious.

Finally, one needs to prove that, if X1, X2 are two canonical functions of Hilbert

problem (3.1), there exists a constant c2C, c 6¼ 0, such that X1(z)¼ c �X2(z), z2D. As

a matter of fact, Property 1 implies

Re ½aðtÞ þ ibðtÞ�Xþj ðtÞ
n o

¼ 0, a.e. t2T for j ¼ 1, 2: ð3:8Þ

By Property 3, (3.8) leads to

Re FþðtÞ
� �

¼ 0, a.e. t2T, ð3:9Þ

with

FðzÞ ¼
X1ðzÞ

iX2ðzÞ
, z2Dnf0g:

On the other hand, Property 4 implies

lim
z!0

FðzÞ ¼ �ic, c 6¼ 0: ð3:10Þ

By Property 2 and the Hölder inequality, one gets

F2HqðDÞ, q4 1: ð3:11Þ

Combining (3.9), (3.10) and (3.11), one immediately gets a Schwarz-type problem. By

Lemma 3.1, F(z)¼�ic, z2D, and hence X1(z)¼ c � X2(z), z2D. This completes the

proof of the theorem. g

Remark 3.1 By the boundary behaviour of the function in the Hardy class H
q
1ðDÞ

[23,24], Theorem 3.1 implies Xþ2Lq(T) for any q> 0.
Next, we will discuss the homogeneous Hilbert BVP (3.1): c(t)� 0, t2T

in (3.1), i.e.,

Re aðtÞ þ ibðtÞ½ ��þðtÞ
� �

¼ 0, a:e: t2T: ð3:12Þ

The class of symmetric Laurent polynomials is defined as in [8,9]

S�k ¼ �k ¼
Xk
j¼�k

cjz
j : Re c0 ¼ 0, cj ¼ �c�j, j ¼ 1, 2, . . . , k

( )
, k 
 0:

If k< 0, we assume S�k¼ {0}. Obviously,

Ref�kðtÞg ¼ 0, t2T,

for any �k2S�k. Similar to the discussion in [9], the solution of the homogeneous

Hilbert-type BVP (3.12) is obtained.

Complex Variables and Elliptic Equations 7503



LEMMA 3.3 The homogeneous Hilbert BVP (3.12) for the Hardy class is solvable and

its solution can be written as

�ðzÞ ¼ XðzÞ � ��ðzÞ with �� 2S��,

where �, X are defined by (3.2) and (3.5), respectively.

Proof For the moment, let

H1,‘ðDÞ ¼ f’2H1ðDnf0gÞ : Ordð’, 0Þ � ‘g, ‘2Z,

where the symbol Ord(’, 0) is the order of ’ at z¼ 0 defined as in [8]. The operator

L‘: H1,‘(D)!S�‘ is introduced as follows [9]:

L‘ ½’�ðzÞ ¼
X‘
j¼�‘

cjz
j

ð3:13Þ

with

cj ¼

�a�j, j4 0,

i Im a0, j ¼ 0,

aj, j5 0,

8>><
>>:

where aj is the coefficient of Laurent’s expansion of ’2H1,‘(D) at the origin given by

’ðzÞ ¼
X1
j¼�‘

ajz
j, z2Dnf0g:

By Theorem 3.1, (3.12) is equivalent to the following Schwarz-type BVP:

Re FþðtÞ
� �

¼ 0, a.e. t2T,

Im Fð0Þ
� �

¼ 0,

(
ð3:14Þ

with ’ðzÞ ¼ �ðzÞ � ½iXðzÞ��1 2H
q
1ðDÞ and FðzÞ ¼ ’ðzÞ � L�½’�ðzÞ 2H

q
1ðDÞ, where �, X

are defined by (3.2) and (3.5), respectively. By Lemma 3.1, one has F(z)� 0, z2D,

which leads to the validity of Lemma 3.3. g

For the nonhomogeneous Hilbert-type BVP (3.1), one easily gets the following

result by Lemmas 3.1 and 3.3 [9,24].

THEOREM 3.2 When �
 0, Hilbert BVP (3.1) for the Hardy class is solvable and its

solution can be written as

�ðzÞ ¼
XðzÞ

2�i

Z
T

cð�Þ

½að�Þ þ ibð�Þ�Xþð�Þ

� þ z

� � z

d�

�
þ iXðzÞ � ��ðzÞ with ��ðzÞ 2S��:

When �< 0, if and only if the conditions of solvability

Z
T

cð�Þ

½að�Þ þ ibð�Þ�Xþð�Þ
��‘�1d� ¼ 0, ‘ ¼ 0, 1, . . . ,��� 1

8 Y. Wang504



are satisfied, Hilbert BVP (3.1) for the Hardy class is solvable and its solution can be

expressed as

�ðzÞ ¼
expf�ðzÞg

2�i

Z
T

cð�Þ

½að�Þ þ ibð�Þ� expf�þð�Þg

d�

� � z
,

with

�ðzÞ ¼
1

4�i

Z
T

log ���2�
að�Þ � ibð�Þ

að�Þ þ ibð�Þ

	 
� �
� þ z

� � z

d�

�
:

4. Hilbert BVP for poly-Hardy class

The simplest Hilbert problem for the poly-Hardy class is to find a function

V2Hq
nðDÞ, q4 1 satisfying the following boundary conditions:

Re @ j�zV
� �þ

ðtÞ
n o

¼ 0, a:e: t2T for j ¼ 0, 1, . . . , n� 1: ð4:1Þ

This problem is called the homogeneous Schwarz BVP of the poly-Hardy class on the

unit disc. As in [8], let

Sm ¼
S�m � ð �zþ zÞS�m � � � � � ð �zþ zÞn�1S�m, m 
 0,

f0g, m5 0,

(
ð4:2Þ

and one gets the following result.

THEOREM 4.1 The homogeneous Schwarz BVP (4.1) for the poly-Hardy class is

solvable and the set of solutions is S0, where S0 is defined as (4.2).

Proof By the decomposition (2.16),

VðzÞ ¼ V0ðzÞ þ ð �zþ zÞV1ðzÞ þ � � � þ ð �zþ zÞn�1Vn�1ðzÞ with Vj 2H
q
1ðDÞ,

for j¼ 0, 1, . . . , n� 1. Thus, substituting this decomposition into the boundary

conditions (4.1), one easily gets n independent Schwarz BVPs of the Hardy class on

the unit disc

Re Vþj ðtÞ
n o

¼ 0, a.e. t2T, j ¼ 0, 1, . . . , n� 1,

and hence Vj2S�0 for j¼ 0, 1, . . . , n� 1 by Lemma 3.1. This completes the

proof. g

The homogeneous Hilbert-type BVP for the poly-Hardy class is to find V2Hq
nðDÞ

satisfying

Re ½aðtÞ þ ibðtÞ� � @ j�zV
� �þ

ðtÞ
n o

¼ 0, a.e. t2T for j ¼ 0, 1, . . . , n� 1, ð4:3Þ

where a, b2C(T;R).
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THEOREM 4.2 The homogeneous Hilbert-type BVP (4.3) for the poly-Hardy class is

solvable and its solution can be represented as

VðzÞ ¼ iXðzÞ��ðzÞ with �� 2S�, ð4:4Þ

where X is defined as (3.5). Namely, the set of solutions of the homogeneous Hilbert-

type BVP (4.3) is iXS�.

Proof By Properties 1, 2 and 3 of the canonical function X in Theorem 3.1, the

boundary conditions (4.3) are equivalent to

Re @ j�zW
� �þ

ðtÞ
n o

¼ 0, a.e. t2T for j ¼ 0, 1, . . . , n� 1, ð4:5Þ

with

WðzÞ ¼
VðzÞ

iXðzÞ
, z2Dnf0g:

Let WðzÞ ¼W0ðzÞ þ ð �zþ zÞW1ðzÞ þ � � � þ ð �zþ zÞn�1Wn�1ðzÞ with OrdðWj, 0Þ � �
for j¼ 0, 1, . . . , n� 1. Since (4.5) is equivalent to Ref’þj ðtÞg ¼ 0, a:e: t2T with

’j ¼Wj � L�½Wj � 2H
q
1ðDÞ for j¼ 0, 1, . . . , n� 1, where the operator L� is given

in (3.13), one immediately gets ’j(z)¼ 0, z2D by Lemma 3.1. This leads to the

validity of (4.4). g

Finally, we discuss the nonhomogeneous Hilbert-type BVP for the poly-Hardy

class: find a function V2Hq
nðDÞ satisfying the following Hilbert-type conditions:

Re ½aðtÞ þ ibðtÞ� � @k�zV
� �þ

ðtÞ
n o

¼ cjðtÞ, a.e. t2T for j ¼ 0, 1, . . . , n� 1, ð4:6Þ

where a, b, cj2C(T; R), j¼ 0, 1, . . . , n� 1.
As in [8], the poly-Schwarz operator on the unit circumference T is introduced as

follows:

S½�0, . . . , �n�1�ðzÞ ¼
Xn�1
k¼0

ð�1Þk

k!
�
1

2�i

Z
T

�kð�Þð� � zþ � � zÞk
� þ z

� � z

d�

�
, z2D, ð4:7Þ

where the kernel functions �k2Lq(T; R) for k¼ 0, 1, . . . , n� 1. By Lemma 3.1,

one immediately has

Re @ j
�zS½�0, . . . , �n�1�

� �þ
ðtÞ

n o
¼ �j ðtÞ, a.e. t2T for j ¼ 0, 1, . . . , n� 1: ð4:8Þ

By Theorem 3.1, boundary conditions (4.6) are transformed to

Re @ j�z
V

iX

	 
� �þ
ðtÞ

� �
¼

cj ðtÞ

i½aðtÞ þ ibðtÞ�XþðtÞ
, a.e. t2T for j ¼ 0, 1, . . . , n� 1, ð4:9Þ

where the canonical function X is defined by (3.5). By Remark 3.1,

cj ðtÞ

i½aðtÞ þ ibðtÞ�XþðtÞ
2LqðD; RÞ for j ¼ 0, 1, . . . , n� 1,
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and hence the function

UðzÞ ¼ XðzÞ � S
c0

ðaþ ibÞXþ
, . . . ,

cn�1
ðaþ ibÞXþ

� �
ðzÞ ð4:10Þ

satisfies the boundary conditions (4.9) in virtue of (4.8). Therefore, we have

Re @ j�z
V�U

iX

	 
� �þ
ðtÞ

� �
¼ 0, a.e. t2T for j ¼ 0, 1, . . . , n� 1: ð4:11Þ

Now the Hilbert-type BVP (4.6) for the poly-Hardy class is discussed in

two cases.

Case 1 When �
 0, by Theorem 4.2, the solution of the Hilbert-type BVP (4.6) for

the poly-Hardy class can be represented as

VðzÞ ¼ UðzÞ þ iXðzÞ��ðzÞ with �� 2S�: ð4:12Þ

Case 2 When �< 0, if the Hilbert-type problem (4.6) for the poly-Hardy class is

solvable, then (4.11) leads to

V�U

iX
2S0:

Since U given in (4.10) can be decomposed as

UðzÞ ¼ XðzÞ
Xn�1
j¼0

ð �zþ zÞ j ð�1Þ jUj ðzÞ, ð4:13Þ

with

Uj ðzÞ ¼
Xn�1
k¼j

ð�1Þk

j!ðk� j Þ
�
1

2�i

Z
T

ckð�Þð �� þ �Þ
k�j

½að�Þ þ ibð�Þ�Xþð�Þ

� þ z

� � z

d�

�
for j ¼ 0, 1, . . . , n� 1,

ð4:14Þ

one has

VðzÞ ¼ XðzÞ
Xn�1
j¼0

ð �zþ zÞ j ð�1Þ j Uj ðzÞ � cj
� �

with cj 2R ð4:15Þ

for j¼ 0, 1, . . . , n� 1. Obviously, V(z) given in (4.15) is the solution of the Hilbert-

type BVP (4.6) for the poly-Hardy class if and only if the limit lim
z!0

z�½Uj ðzÞ � cj �

exists for j¼ 0, 1, . . . , n� 1. At the neighbourhood of the origin,

� þ z

� � z
¼ 1þ 2

Xþ1
‘¼1

z

�


 �‘
¼ 1þ 2

X���1
‘¼1

z

�


 �‘
þ
2z����þ1

� � z
,

one easily gets cj¼ 0 for j¼ 0, 1, . . . , n� 1, and

Xn�1
k¼j

ð�1Þk

j!ðk� j Þ!

Z
T

ckð�Þð �� þ �Þ
k�j

½að�Þ þ ibð�Þ�Xþð�Þ

d�

�‘þ1
¼ 0 for

‘ ¼ 0, 1, . . . ,��� 1,

j ¼ 0, 1, . . . , n� 1:

�
ð4:16Þ
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Therefore, if the conditions (4.16) are fulfilled, the solution of the Hilbert BVP (4.6)
for the poly-Hardy class can be rewritten as

VðzÞ ¼
Xn�1
j¼0

ð �zþ zÞ j ð�1Þ jVj ðzÞ, ð4:17Þ

with

Vj ðzÞ ¼
Xn�1
k¼j

ð�1Þk

j!ðk� j Þ!
�
expfiS½��ðzÞg

�i

Z
T

ckð�Þð �� þ �Þ
k�j

½að�Þ þ ibð�Þ� expfiS½��þð�Þg

�d�

� � z

for j ¼ 0, 1, . . . , n� 1,

ð4:18Þ

where S[�]þ(�) is the nontangential boundary value of S[�] given in (3.3). To sum up

the discussion above, the main result is obtained.

THEOREM 4.3 When �
 0, the solution of the nonhomogeneous Hilbert-type BVP (4.6)
for the poly-Hardy class can be represented as (4.12). When �< 0, if and only if

the conditions (4.16) are fulfilled, the nonhomogeneous Hilbert-type BVP (4.6) for the
poly-Hardy class is solvable and its solution can be written as (4.17) with (4.18).

Remark 4.1 Similar to the discussion in [8], the results obtained here can be

generalized to the modified Hilbert-type BVP for the poly-Hardy class on the unit
disc. In particular, if cj(t)¼ c(t), t2T for j¼ 0, 1, . . . , n� 1, then the conditions of
solvability (4.16) can be reduced toZ

T

cð�Þð �� þ �Þ j

½að�Þ þ ibð�Þ�Xþð�Þ

d�

�‘þ1
¼ 0 for

‘ ¼ 0, 1, . . . ,��� 1,

j ¼ 0, 1, . . . , n� 1:

(
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