ON THE PAPER “STATISTICAL APPROXIMATION BY POSITIVE
LINEAR OPERATORS”

ZAFER ERCAN

ABSTRACT. In this short paper, we show that the proof of the main result of [1] is
incorrect.

1. THE RESULTS OF [1]

If f, g: R — R are two functions satisfying f(z) < g(z) for all x € R we write f < g.
The function |f| : R — R is defined by |f|(z) = |f(x)| for all x € R. A function
p: R — R is called a weight if

lim|;| 00 p(2) = 00 and p(x) > 1 for all € R.

We say that a function f : R — R is dominated by p if there exists a positive real
number 7 > 0 such that | f| < rp The weight space, denoted by B,, is the normed space
of dominated functions by p with norm

_ f(z
Hf“p = SUDgzcRr %-

The subspace of B, of continuous functions is denoted by C,. Throughout the paper
p1 and py will denote two weight functions satisfying

hmm_,oo Z;Eg =0

One can show that p; < rpy for some real number r, which implies that
C, cC, and B, C B,,.
A linear map 7T from C,, into B,, is called positive if T'(f) > 0 whenever f > 0: here O

stands for the constant zero function. It is well-known that a positive operator defined

on a Banach lattice is bounded and the norm of a positive operator 1" from C,, into
B,, is denoted by ||T'||c,, 5, That is,

||T||Cpl—>B,,2 = Supy ¢, <t ||T(f)||pz'
We fix the following notations:
- (A™) stands for an infinite sequence of matrix with non-negative real entries
satisfying

o0
sup,, 1 2j=1 akj(n) < 0,
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where
A =[],
- (L;) denotes a sequence of positive operators from C,, into B,,.
- For v =0, 1,2, the function F, : R — R is defined by
F,(z) = "5
- For each z € R, the function g, € C,, is defined by

gx(t) = (t — x)*Fo(t).
- Bi={f € Cp |l =1}

The following “theorem” is stated in [1] as the main result.

Theorem 1.1. Suppose that for each n € N and v = 1,2,3 we have
limy, Zjil akj(n)HLj(Fv) — Fyllp, = 0.
Then,
limy 77 arg ™| L (f) = fllp =0
for eachn € N and f € C,,.

2. “PrROOF” OF THEOREM 1.1

In [1], the above “theorem” is proved using the following steps.

Step 1. (Lemma 1, [1]). Suppose that for any 0 < s € R,

. B
hmk Z;il akj(n) SUD fe g SUD|)<s | J(IJZB(;C)‘ —0
and
Supn,k Z;il akj(n) | |L] ’ ‘CplﬁBpl < 0.
Then

Supn,k Z;X;l ak](n) | |L_7‘|Cp1 ‘>Bp2 = O
Step 2. (Lemma 2, [1]). Suppose that

sup,, ik 2oy k™| Lyllo,, B, < 00,
and for each n € N and 0 < s € R, one has

limy 3577 ag; ™ sup e sup <, |L;(f)(x) = f(z)] = 0.

Then, for each f € C,,, the equality

limy, Y221 ar; ™| L (f) = fllp, =0
holds for all n € N.
Step 3. For each 7, one has
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1Ljllc,, »B,, < |1Li(F2) — Fall, + || L(Fo) — Foll, +1
Step 4. The following is true:

sup, , S0 al? || Lille,, 55, < sup, g 300, aflLi(Fy) — Bl

+osup, e S0 al || Ly (Fy) — Folly
+osup, %, al) < oo

Step 5. Let f € C,, and 0 < s € R be given. For each ¢ > 0 there exists 0 > 0 such
that

[f(t) = f2)] <&+ Ky (2)(t — ) Fo(t)
holds for all ¢ € R and |z| < s, where
Ky, () = 4Mpy (z) (55 + 1)
and My is a positive real number satisfying |f| < Mgp.

Step 6. Let f € C,, and 0 < s € R be given. For each ¢ > 0 there exists 6 > 0 such
that

1L (f(#)(x) = f2)] < eL;i(1)(x) + Ky (2) Lj(g2) () + [ £ (@)]|L; (1) (z) — 1]
for all t € R and |z| < s, where K, (x) is as in step 5.
Step 7. Let 0 < s € R be given. For each £ > 0 we have

SUD je p SUP i< | L (f (1) (2) = f(2)] < Cresupyy e |L;(1)(2)] + Cp suppy < Lj(g2)(2)
+ Gy supp e 1L (1) (2) — 1

- Cl = Sup\sz pl(l'),
- Oy = supy, s Ky, (), and

- O3 = supp <, | f(2)].

3. MEANINGLESS OF THE THEOREM AND INCORRECTNESS OF THE “PROOF”

In this section we will explain why the above therem is meaningless and show that
even if the statement of the theorem is solidified using suitable conditions, its “proof”
is still incorrect. First we note that since the operators in the sequence (L;) are defined
from C,, into B

as the range of L; is not necessarily in B, .

: : « ” : :
5y, all sentences involving the symbol “ ||Lj||c, 5, " are misleading

1. One of the problems in the statement of Theorem 1 of [1] is that although the
operators L; are defined from C,, into B,,, letting ||L,||c, -5, means that one auto-

matically supposes that T;(C,,) C B,,, which is certainly not true.
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2. In [1], in the proof of Step 2, it is supposed that the operators 7; = L; — I,
where [ is identity operator, are positive. This is certainly not true.

3. Steps 3 and 4 are also meaningless as L; takes its values in B,,, not in B,,.

P2

4. Steps 5 and 6 are correct.

Now we can state the most serious mistake of the paper [1], which appears in Step
7, as follows:
5. Step 7 is incorrect: The equation of Step 7 follows from the equation of Step 6

by taking suprema over the set

B={f€Cp:|lflln =1

We note that B is not equicontinuous, that is, there exists ¢ > 0 for which there is no

0 > 0 such that the following implication holds:
lz —y|<o0=|f(x)— f(y)| <eforall feB.
In Step 7, for each 0 < s € R and f € C,, the function
$2
K (@) =AMy @) (52 + 1)

is defined. We must note that § > 0 in K, () depends on f. More precisely, one must

have

Ko (@) = AMy(a) (55 +1).

With this in hand, in the equation of Step 7, C'; must be in the form
Co = SUP) 7)1, =1 SUP|z|<s K,, ().
But in this case, because B is not equicontinuos, we have
SUp fe % = 0.
Hence, in Step 7, C'y; = oo, so nothing more can be performed in the proof.

All these are enough to show that the “proof” of the main result of [1] is incorrect.

4. SOME RELATED REMARKS

The ideas and the proof techniques of the papers [2], [3], and [4] are very similar
(put differently, verbatim) to those of [1]. Although one can easily check that the
operator “L; — I” is not positive, in all these papers it is used as a positive operator.

Unfourtunately, the above-mentioned incorrectness of the steps effects the proof of the
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main results of these papers as well. Hence the “proofs” of the main results of [2], [3]

and [4] are also incorrect.
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