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Problem Statement

Let ξn, n ∈ [N ] be independent, identically distributed random variables on a
probability space (Ω,F ,P) with P[ξn = 1] = N−δ and P[ξn = 0] = 1 − N−δ
for 0 < δ < 1. The random subset {nξn}n∈[N ] is formed by including each n

independently with probability N−δ. For which δ does the probability that the
subset contains at least one k-term arithmetic progression (AP) approach 1 as
N →∞?

Solution

Step 1: Expected Number of k-term APs

Let X denote the number of k-term APs in the subset. The total number of
k-term APs in [N ] is approximately Θ(N2). The probability that a specific
k-term AP is included is N−kδ. Thus:

E[X] � N2 ·N−kδ = N2−kδ.

For E[X]→∞, we require:

2− kδ > 0 =⇒ δ <
2

k
.

Step 2: Variance Analysis

To show Var(X)/E[X]2 → 0, expand X as a sum over all APs:

X =
∑
A

IA, where IA is the indicator for AP A.

The variance is:

Var(X) = E[X2]− E[X]2 =
∑
A

E[IA] +
∑
A6=B

Cov(IA, IB).
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Yapışkan Not
This step is correct but not rigorous enough.

faruk
Yapışkan Not

faruk
Yapışkan Not
Main idea of the article is what is known as the second moment method, which says find the expectation, and find the variance. If variance is small then random variable always takes values close to the mean. This is sufficient to solve this problem and DeepSeek successfully finds this.

faruk
Metinle İlgili Yorum Yap
This should be Variance, not expectation, a mistake.



Covariance for Overlapping APs

For two APs A and B sharing m ≥ 1 terms:

Cov(IA, IB) = N−2kδ(Nmδ − 1) � N−2kδ+mδ.

The dominant contribution comes from m = 1 (most common overlap):

Cov(IA, IB) � N−2kδ+δ.

Bounding the Variance

The number of pairs of APs sharing m terms is Θ(N4−m). Summing over m:

Var(X) . N2−kδ +

k−1∑
m=1

N4−m ·N−2kδ+δm.

The dominant term is for m = 1:

Var(X) . N2−kδ +N3−2kδ+δ.

Step 3: Variance-to-Mean Ratio

Using E[X]2 � N4−2kδ:

Var(X)

E[X]2
.
N2−kδ +N3−2kδ+δ

N4−2kδ = N−2+kδ +N−1−kδ+δ.

For δ < 2
k :

• N−2+kδ → 0 (since kδ < 2),

• N−1−kδ+δ → 0 (since δ(k − 1) > 0).

Conclusion

By the second moment method, if Var(X)/E[X]2 → 0, then:

P [X ≥ 1] ≥ 1− Var(X)

E[X]2
→ 1.

Thus, the critical threshold is:

δ <
2

k
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Yapışkan Not
This covariance calculation is correct
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Yapışkan Not

faruk
Yapışkan Not
This piece did not exist at the first reply, I asked for more information on this part and got this answer. It is correct except for small mistakes.

faruk
Vurgu
Here there is a small mistake. For any m this should never go below 2, so it is N^2 for m\geq 2
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Yapışkan Not
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Yapışkan Not
Here Deepseek shows that variance is small.

faruk
Yapışkan Not
Here Deepseek draws the conclusion.
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Yapışkan Not
One missing thing is what happens when \delta=2/k.




