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Abstract: The interval 𝑮𝑮 = (−1,1) turns into a Lie group under the group operation 𝑥𝑥 ∘ 𝑦𝑦 ≔
(𝑥𝑥 + 𝑦𝑦)(1 + 𝑥𝑥𝑥𝑥)−1, 𝑥𝑥,𝑦𝑦 ∈ 𝑮𝑮. Then 𝑴𝑴 = [0,1) is a submonoid of 𝑮𝑮 (has the same binary oper-
ation 𝑥𝑥 ∘ 𝑦𝑦) and we can induce the invariant Haar measure 𝑑𝑑𝜇𝜇𝑴𝑴 = (1 − 𝑥𝑥2)−1𝑑𝑑𝑑𝑑 and the Fou-
rier transformation ℱ𝑴𝑴 from 𝑮𝑮 to 𝑴𝑴. The main object of the investigation is the convolution 
operator 𝑊𝑊𝑴𝑴,𝑎𝑎 ≔ 𝑟𝑟+𝑊𝑊𝑮𝑮,𝑎𝑎

0 ℓ+, 𝑊𝑊𝑮𝑮,𝑎𝑎
0 ≔ ℱ𝑮𝑮−1𝑎𝑎ℱ𝑮𝑮 restricted from 𝑮𝑮. 

Theory of convolution opertators 𝑊𝑊𝑴𝑴,𝑎𝑎 on the submonoid 𝑴𝑴 is much more complicated, 
but more rich and important in applications (example of Wiener-Hopf equations on submo-
noid 𝑴𝑴 = [0,∞) of the Lie group 𝑮𝑮 = (−∞,∞) is a good example). Convolution equation 
𝑊𝑊𝑴𝑴,𝑠𝑠𝜑𝜑 = 𝑓𝑓 in the Generic Bessel potential space setting 𝑓𝑓 ∈ 𝔾𝔾ℍ𝑝𝑝

𝑠𝑠−𝑟𝑟(𝑴𝑴,𝑑𝑑𝜇𝜇𝑴𝑴), 𝜑𝜑 ∈
𝔾𝔾ℍ𝑝𝑝

𝑠𝑠 (𝑴𝑴,𝑑𝑑𝜇𝜇𝑴𝑴), 1 < 𝑝𝑝 < ∞,  𝑠𝑠, 𝑟𝑟 ∈ ℝ, has non-trivial Fredholm index and the Fredholmity and 
solvability conditions for discontinuous symbols 𝑎𝑎(𝜉𝜉) depend on the parameters of the 
spaces. We expose full theory of such convolution integro-differential equations: Fredholm 
property and solvability criteria, index formula. Formula for solutions are available through 
the factorization of the symbol. 
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Roland Duduchava received his PhD degree in 1971 from the A. Razmadze Mathematical 
Institute of the Georgian National Academy of Sciences, Georgia. He obtained the Doctor of 
Science degree (Habilitation) from the Moscow State University in 1983. He is currently a 
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professor at the University of Georgia, Tbilisi and the Director of the Victor Kupradze Insti-
tute of Mathematics of the University of Georgia, Tbilisi. Prof. R. Duduchava in the author of 
4 monographs and many scientific papers. He is a member of the editorial boards of several 
international journals. His research focuses on Boundary Value Problems for PDEs, Equa-
tions of Mathematical Physics, Pseudodifferential Equations, Intergal Equations, etc.  
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