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0. Introduction

Pseudo-differential operators are important in several fields of science and technology.
In the theory of partial differential equations, they are convenient tools for handling
various kinds of problems, e.g. parametrix constructions, micro-local properties and in-
vertibility of (hypo-)elliptic operators. In time-frequency analysis, pseudo-differential
operators appear for example when modelling non-stationary filters.

A pseudo-differential operator is a rule in which for every function or distribution a
(the symbol), defined on the phase space (or time-frequency shift space) R?? assigns a lin-
ear operator Op(a) acting on functions or distributions defined on R¢. The assumptions
on the symbols, domains and ranks for the pseudo-differential operators, usually resem-
ble on structures where they are applied. Therefore, in the theory of partial differential
operators, one usually assumes that the symbols are smooth and that differentiations of
the symbols lead to more restrictive growth/decay properties at infinity.

When using pseudo-differential operators for modelling time-dependent filters in time-
frequency analysis, any similar assumptions on smoothness are usually not relevant. Here
it is more relevant to assume that the involved symbols, inputs and outputs (i.e. the filter
constants, ingoing signals and outgoing signals) should fulfill conditions on translation
and modulation invariance, as well as certain energy estimates of the time-frequency
content. This leads to that the involved functions and distributions should belong to
suitable modulation spaces a family of functions and distribution spaces, introduced by
Feichtinger in [8]. The theory of such spaces was thereafter extended in several ways (see
e.g. [7,9-11,13,35,37,40,42] and the references therein).

Recently, some investigations of Orlicz modulation spaces have been performed in
[34,45,46]. Such spaces are obtained by imposing an Orlicz norm estimates on the short
time Fourier transforms of the involved functions and distributions. By the definition
it follows that the family of Orlicz modulation spaces contain all classical modulation
spaces M (pu’g(Rd), introduced by Feichtinger in [8], which essentially follows from the fact
that the family of Orlicz spaces contains all Lebesgue spaces. (See [21] and Section 1 for
notations.) On the other hand, the Orlicz modulation spaces becomes a subfamily of
broader classes of modulation spaces, given in e.g. [9,30,31].

A question which might appear is whether there are relevant situations where it is
fruitful to search among Orlicz modulation spaces to deduce sharper estimates compared
to classical modulation spaces. For example, consider the entropy functional on short-
time Fourier transforms

E(f)=E¢>(f)E—//|V¢f(x,€)|210g\V¢f(x,§)|2dxd£+||V¢f|\%2 log [V flIZ2- (0.1)

R2d

Here ¢ € .7(R%) \ 0 is fixed, and as usual we set

Olog0 = tgrg+tlogt =0.
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We recall the entropy condition

Eg(f) 2 d(1+]1og(3)), when | f]2[l¢llz> =1, (0.2)

which is essential in certain types of estimates of the kinetic energy in quantum systems
(see e.g. [23-206] and the references therein).
For the Orlicz modulation space

o

M®RY),  ®(t) = —t’logt, 0<t<e 3, (0.3)

we observe that the Young function ® resembles with the structures of the entropy
functional Es. A question then appear whether the space in (0.3) is better designed as
domain for E4, compared to the strictly larger space M?(R?) = L?*(R%), which is usually
taken as the domain for E, (cf. [23,24]).

We also notice that M®(R9) in (0.3) makes sense, while

L*(RY), &)= —t’logt, 0<t<oo (0.4)

does not makes sense as an Orlicz space. (See Theorem 3.1 and Lemma 3.2 in Section 3
for details.)

In the first part of the paper we investigate mapping properties for pseudo-differential
operators Op(a) with symbols a belonging to suitable modulation spaces or Orlicz mod-
ulation spaces, when acting on Orlicz modulation spaces. In particular we find suitable
conditions on the Young functions ®;, ®, ¥; and ¥, j = 1,2, in order for the pseudo-
differential operators

Op(a) : M*"1(RY) — M®>">(RY) (0.5)
and
Op(a) : M®¥" (R?) - WY (RY) (0.6)

are well-defined and continuous.

For example, the following two propositions are consequences of Theorems 2.9 and
2.10 in Section 2. Here and in what follows we let p’ € [1, 00] be the conjugate Lebesgue
exponent of p € [1,00], i.e. p and p’ should satisfy % + ﬁ = 1, and similarly for other
Lebesgue exponents.

Proposition 0.1. Let p, g € [1,00] be such that ¢ < p and p > 1. Also let ®;,¥; : [0, 00] —
[0,00], j = 1,2, be such that t — Qj(ti) and t — \Ilj(tﬁ) are Young functions which
fulfill the As-condition, and

Oy (1), Do(t) 217 Wi(t), Ua(t) 247, >0,
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and

=
=

Oy ()05 (s) S 57V, ()R (s) S5V, 520,

If a € MP9(R2%), then Op(a) is continuous from M®Y1(RY) to M®2 Y2 (R4).

Proposition 0.2. Let & and W be Young functions which satisfy the Ao-condition, and let
a € WY®(R32?). Then Op(a) is continuous from M® ¥ (R?) to W¥®(R?).

More generally, we deduce weighted versions of such continuity results, as well as re-
lax the assumptions on the Young functions in such way that they only need to fulfill
a local As-condition near origin (see Definition 1.7). The essential ingredient for such
local condition is the fact that Orlicz modulation spaces are completely determined by
the behaviour of the Young functions near the origin, and the involved weight functions.
(See e.g. [46, Proposition 5.11].) Since Orlicz spaces contain Lebesgue spaces as special
cases, it follows that Orlicz modulation spaces contain the classical modulation spaces.
Hence, our results also lead to continuity properties for pseudo-differential operators act-
ing on (classical) modulation spaces. More specifically, by choosing the Young functions
in Proposition 0.1 and involved weight functions in suitable ways, our main result Theo-
rem 2.9 in Section 2 includes the optimal result [4, Theorem 5.1] by Cordero and Nicola
as special case. In the case of unweighted spaces [4, Theorem 5.1] can be expressed as in
the following.

Proposition 0.3. Suppose that p,p;,q,q; € [1,00], j = 1,2, satisfy

11 11 1 1 11 ,
-+ <—+— S+5 <—+—, P1,q,p2,¢2<q, q<Pp,
P4 pop2 P4 o @
and let a € MP4(R2?). Then
Op(a) : MP»% (RY) — MP>%(RY), (0.7)

s continuous.

Proposition 0.3 is a special case of Theorem 2.9 in Section 2. If in addition p > 1,
then Proposition 0.3 also follows from Proposition 0.1. We also observe that for weighted
(Orlicz) modulation spaces, Theorem 2.9 in Section 2 permits more general weights in
the involved spaces, compared to [4, Theorem 5.1].

There are relevant situations where Proposition 0.1 and its extension Theorem 2.9 can
be applied, while earlier classical results in e.g. [3,17,18,35-43] seem not to be applicable.
For example it follows from Proposition 0.1 that if p > 2, a € M’”’/(RM)7 then the map

Op(a) : M®(RY) — M®(RY), () = —t>logt, t € [0,e 5], (0.8)
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on Orlicz spaces in (0.3), is continuous. (See Example 2.11 in Section 2 and Remark 3.8
in Section 3.) Any similar continuity property is obviously not reachable from the inves-
tigations in [3,17,18,35-43].

In the last part of the paper we investigate continuity of the entropy functional E
when acting on MP(R?) for p € [1,2] and M®(R?) in (0.3). More precisely, in Section 3
we show that E, is continuous on M®(R%) and on MP(R?) for p € [1,2), but fails to be
continuous on M?(R%). This might be surprising due to the dense embeddings

MP(RY) C M®(RY) € M2RY), p<2,

which shows that M?®(RY) in some sense is close to M?(R?). See Theorem 3.1 and
Lemma 3.2 for details.

Acknowledgment

J. Toft was supported by Vetenskapsradet, project number 2019-04890. Anupam Gum-
ber and Nimit Rana thanks the Linnaeus university for providing excellent research
facilities and kind hospitality during their academic visit. A. Gumber was also supported
by the Austrian Science Fund (FWF) project P33217.

1. Preliminaries

In the section we recall some basic facts on Gelfand-Shilov spaces, Orlicz spaces, Orlicz
modulation spaces, pseudo-differential operators and Wigner distributions. We also give
some examples on Young functions, Orlicz spaces and Orlicz modulation spaces. (See
Examples (0.8) and 1.17.) Notice that Young functions are fundamental in the definition
of Orlicz spaces and Orlicz modulation spaces).

1.1. Gelfand-Shilov spaces

For a real number s > 0, the (standard Fourier invariant) Gelfand-Shilov space Ss(R%)
(2s(R%)) of Roumieu type (Beurling type) consists of all f € C*°(R%) such that

_ |20 £z
Ifls... = a?g;d <h|a+5(o¢'ﬂ')9 (1.1)

is finite for some h > 0 (for every h > 0). We equip Ss(R?) (X(R?)) by the canonical
inductive limit topology (projective limit topology) with respect to h > 0, induced by
the semi-norms in (1.1).

We have

S;(RY) — ¥, (RY) = S(RY) — #(RY)

— ' (RY) — S/(RY) — X/(RY) — S!(RY), <s <t

1
2
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with dense embeddings. Here A <— B means that the topological space A is continuously
embedded in the topological space B. We also have

VAN
N)_l —

SJRY =%, RY = {0},  s< % ¢

The Gelfand-Shilov distribution spaces S,(R?) and ¥/, (R?), of Roumieu and Beurling
types respectively, are the (strong) duals of Ss(R¢) and X,(R?), respectively. It follows
that if S, ,(R?) is the L?-dual of S, ,(R?) and 5 > § (s > 3), then S[(R?) (3, (R?))
can be identified with the projective limit (inductive limit) of S;h(Rd) with respect to
h > 0. It follows that

= S.xRY and TRY) = ]S ,RY (1.3)
h>0 h>0

for such choices of s and o, see [14,27,28] for details.
We let the Fourier transform .% be given by

(F1©) = o) —%/f e gy, € € RY,

when f € L'(R?). Here (-, -) denotes the usual scalar product on R%. The Fourier
transform .# extends uniquely to homeomorphisms on .#/(R%), S’(R%) and on X/ (R%).
Furthermore, .Z restricts to homeomorphisms on . (R%), S;(RY) and on X (R%), and
to a unitary operator on L?(R?). Similar facts hold true with partial Fourier transforms
in place of Fourier transform.

Let ¢ € #(R?) be fixed. Then the short-time Fourier transform V,f of f € #'(R%)
with respect to the window function ¢ is the tempered distribution on R?¢, defined by

Vof(@,6) = Z(fo(- —))(€), =R
If f,¢ € . (R%), then it follows that

d

Vyf(a,€) = (2m) 4 / 1y O dy, e RE

By [40, Theorem 2.3] it follows that the definition of the map (f,¢) — Vyf from
Z (R x .7 (R?) to .#(R?) is uniquely extendable to a continuous map from S’(R?) x
S’ (RY) to S’ (R?%), and restricts to a continuous map from Ss(R%) x S;(R?) to S,(R2?).
The same conclusion holds with ¥ in place of S, at each occurrence.

In the following proposition we give characterizations of Gelfand-Shilov spaces and
their distribution spaces in terms of estimates of the short-time Fourier transform. We
omit the proof since the first part follows from [19, Theorem 2.7] and the second part
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from [44, Proposition 2.2]. See also [6] for related results. Here and in what follows,
A(9) < B(6), 0 € Q, means that there is a constant ¢ > 0 such that A(0) < ¢B(#) holds
for all § € Q. We also set A(f) < B(0) when A(0) < B(0) < A(9).

Proposition 1.1. Let s > 5 (s > 1), ¢ € Ss(RY)\ 0 (¢ € Z,(R?) \ 0) and let f be a
Gelfand-Shilov distribution on R®. Then the following is true:

(1) f € S,RY) (f € B4(RY)), if and only if

1 1
Vo f(z,8)] S e rlel=Hel=) g ¢ € RY, (1.4)

for some r > 0 (for everyr > 0).
(2) feSURY) (f e ZU(RY)), if and only if

1,1
Vo (2, )] S e, e RY, (15)
for every r >0 (for some r > 0).
1.2. Weight functions

A weight or weight function on R? is a positive function w € Lfooc(Rd) such that

1/w € L5 (R?). The weight w is called moderate, if there is a weight v on R such that

loc
w(z+y) Sw)v(y), z,y € R4 (1.6)

If w and v are weights on R? such that (1.6) holds, then w is also called v-moderate. We
note that (1.6) implies that w fulfills the estimates

v(—z)"! Sw(z) <v(z), zeRL (1.7)

We let Z5(R?) be the set of all moderate weights on R9.
It can be proved that if w € Zp(R?), then w is v-moderate for some v(z) = e’l?l,
provided the positive constant r is large enough (cf. [16]). That is, (1.6) implies

wiz +y) Swl@)e! (1.8)

for some r > 0. In particular, (1.7) shows that for any w € Zg(R?), there is a constant
r > 0 such that

el < w(z) S el 2 e RY (1.9)

We say that v is submultiplicative if v is even and (1.6) holds with w = v. In the
sequel, v and v; for j > 0, always stand for submultiplicative weights if nothing else is
stated.
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We let 2% (R?) be the set of all w € Zg(R?) such that (1.8) holds for every r > 0.
We also let Z(RY) be the set of all w € Z5(R?) such that

w(z+y) Sw@)(1+[y)"
for some r > 0. Evidently,
Z(R7) € Z5(RY) € Zp(RY).
1.8. Orlicz spaces

We recall that a function ® : [0, c0] — [0, o0] is called convex if
D (s1t1 + sata) < 51P(t1) + s2D(22),
when s;,t; € R satisfy s;,t; > 0and s; +s2 =1, j=1,2.

Definition 1.2. A function @y from [0, 0] to [0,00] is called a Young function if the
following is true:

(1) ®g is convex;
(2) ®0(0) = 0;
(3) tlggo D (t) = Pp(o0) = 0.

A function ® from [0, 0] to [0, 00] is called a quasi- Young function (of order po € (0,1])
if there is a Young function ®( such that ®(¢) = ®o(tP°) when ¢ € [0, x0].

We observe that &3 and ® in Definition 1.2 might not be continuous, because we
permit oo as function value. For example, if a > 0, then

0, whent<a
O(t) =
oo, whent>a

is convex on [0, co] but discontinuous at ¢ = a.
It is clear that ®¢ and ® in Definition 1.2 are non-decreasing, because if 0 < t; < to
and s € [0, 1] is chosen such that ¢; = sty and ® is the same as in Definition 1.2, then

‘I)o(tl) = (I)Q(Stg + (1 — S)O) < S(I)o(tg) + (1 — 8)@0(0) < q)o(tg),
since ®4(0) = 0 and s € [0, 1]. Hence every (quasi-) Young function is increasing.

Definition 1.3. Let ® be a (quasi-) Young function and let wy € Zg(R%). Then the Orlicz

& )(Rd) consists of all measurable functions f : R — C such that

space L (wo
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Iy, =inf § 2> 05 fo () g <
Q

is finite. Here f and ¢ in LEILO)(RCI) are equivalent if f = g a.e.

We recall that for any (positive) measure p to a measurable set F, the Orlicz space
L? (1) is defined in similar ways as in Definition 1.3. (Cf. e.g. [29].)
We will also consider Orlicz spaces parameterized with two (quasi-)Young functions.

Definition 1.4. Let ®; be (quasi-) Young functions, j = 1,2 and let w € Z(R??).

(1) The mixed Orlicz space Lij)’% = Lzl;l)’% (R2?) consists of all measurable functions
f:R2? — C such that

||f||L‘1’1)<1>2 = lfrwllpes,
(w)

is finite, where

f17w(l‘2) = ||f( : 7I2)w( : 7x2)||L‘1>1~

(2) The mixed Orlicz space Lfl(f;Z = L‘fl(f;Z (R2?) consists of all measurable functions
f:R2? — C such that

1712180 = gl e
is finite, where
g(x7£) = f(é-ax)v wO(:Evf) = w({,:c).

In most of our situations we assume that ® and ®; above are Young functions. A few
properties for Wigner distributions in Section 2 are deduced when ® and ®; are allowed
to be quasi-Young functions. The reader who is not interested of such general results
may always assume that all quasi-Young functions are Young functions.

It is well-known that if &, ®; and ®5 in Definitions 1.3 and 1.4 are Young functions,
then the spaces LEI’WO)(Rd) and L((I:)’% (R2?) are Banach spaces (see e.g. Theorem 3 of
I11.3.2 and Theorem 10 of II1.3.3 in [29]). If more generally, ®, ®; and P, are quasi-
Young functions of order pg € (0, 1], then L‘(I’WO)(Rd) and L((IB)’% (R%d) are quasi-Banach
spaces of order pg. For the reader who is not familiar with quasi-Banach spaces we here

give the definition.

Definition 1.5. Let % be a vector space. Then the functional || - || on £ is called a
quasi-norm of order pg € (0, 1], or an pg-norm, if the following conditions are fulfilled:
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(1) Ifll& = 0 with equality only for f = 0;
@) llofl = loll| ]l for every o € C and f € :
() If +9l% < /1% + llgllZ for every f,g € 2.

The space £ is called a quasi-Banach space (of order pg) or a pp-Banach space, if & is
complete under the topology induced by the quasi-norm || - || .

We refer to [45, Lemma 1.18] for the proof of the following lemma.

Lemma 1.6. Let ®,®; be quasi- Young functions, j = 1,2, wg,vo € 25 RY) and w,v €
Pr(R2Y) be such that wy is vo-moderate and w is v-moderate. Then L‘(I;O)(Rd) and

Li})’@z (R2) are invariant under translations, and

(- =2)le

(wo)

5 Hf”LEI’wo)’UO(x)a f € L(I) )(Rd)7 T e Rd )

(wo

and

3.,
(- — (%5))||L‘(13)v‘1>2 S Hf||wal)v‘1’2U(377§)7 S L(w) 2(R2d)’ (z,€) € R??.

In most situations we assume that the (quasi-)Young functions should satisfy the
As-condition (near origin), whose definition is recalled as follows.

Definition 1.7. Let ® : [0, 00] — [0, 00] be a (quasi-) Young function. Then @ is said to
satisfy the Ag-condition if there exists a constant C' > 0 such that

B(2t) < CB(2) (1.10)

for every t € [0,00]. The (quasi-)Young function & is said to satisfy local As-condition
or Ag-condition near origin, if there are constants » > 0 and C' > 0 such that (1.10)
holds when t € [0, 7].

Remark 1.8. Suppose that @ : [0, c0] — [0, 00] is a (quasi-) Young function which satisfies
(1.10) when t € [0, 7] for some constants r > 0 and C' > 0. Then it follows by straight-
forward arguments that there is a quasi-Young function ®, (of the same order) which
satisfies the Ag-condition (on the whole [0, 00), and such that ®g(¢t) = ®(¢) when t €

[0, 7]).

Several duality properties for Orlicz spaces can be described in terms of Orlicz spaces
with respect to Young conjugates, given in the following definition.

Definition 1.9. Let ® be a Young function. Then the conjugate Young function ®* is
given by
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sup(st — ®(s)), when t € [0, 0),
O*(t) = { 520 (1.11)
0, when t = oo.

Remark 1.10. Let p € (0, 00], and set ) (t) = % when p € (0,00), and

0, t<1,
q)[oo](t) =
oo, t>1.

Then L (R?) and its (quasi-)norm is equal to the classical Lebesgue space LP(R?) and
its (quasi-)norm. We observe that ®,) is a Banach space when p > 1 and a quasi-Banach
space of order p when p < 1.

Due to the previous remark we observe that there are Young functions which are
not injective and thereby fail to be invertible. In the following definition we define some
sort of pseudo-inverses for any quasi-Young function, especially included such functions
which are not invertible.

Definition 1.11. Let @ : [0, 0] — [0, 00] be a (quasi-)Young function and let

and
so =sup{ ®(t); t <tz }.

Then ¢, is called the zero point and ts is called the infinity point for ®, and the essential
inverse ®=% : [0, 00] — [0, 00] for ® is given by
0, s=0,
O E(s)=qt, s=B(), t, <t <ty
tQ, S 2 S0-
Example 1.12. We observe that if £; = 0 and 5 = oo in Definition 1.11, then & is

invertible and ® % agrees with the inverse ®~! of ®. For example, for ) with p < oo
in Remark 1.10 we have

1
B B (ps)», 0<s< oo,
(I)[p}&(s) - q)[p]l(s) -
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For p = oo, the inverse to @[, does not exist, while the essential inverse becomes

D %(s) =

[oo]
Another example of a Young function is

tant, 0<t<7%,
O(t) =

m’ t> Y

voly

which also fails to be invertible. The essential inverse becomes

arctans, 0 < s < oo,

D ¥(s) =
ER § = 0.
We also observe that
0, t=0,
P(t)=4q -1, 0<t<l1,
00, t>1,

is a Young function which satisfies the As-condition. Its essential inverse is

d71(s), 0<s<oo,
®(s) =

1, s = 00.

We notice that the conjugate Young function of & is given by

1 1 _1c1i, /1
o (t) = <t+§—,/1+t> e t(;+\/411+t)7

when ¢ > 0 is near origin.

We observe that each one of these Young functions gives rise to different Orlicz spaces.

We refer to [20,29,34] for more facts about Orlicz spaces.

1.4. Orlicz modulation spaces

Before considering Orlicz modulation spaces, we recall the definition of classical mod-
ulation spaces. (Cf. [8,9].)
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|z|?

Definition 1.13. Let ¢(z) = r9e 2z, zeR pqe (0,0], w € ZE(R?), and let @
and ¥ be (quasi-) Young functions.

(1) The modulation spaces Mp %(Rd) is set of all f € Sl/g(Rd) such that

[fllazzg = Vo fllLes (1.12)

is finite. The topology of Mp’q (Rd) is induced by the norm (1.12).
(2) The Orlicz modulation spaces M(w)(Rd), M((I;’)\I'(Rd) and W((Z’)‘I’(Rd) are the sets of
all f e SI/Q(Rd) such that

£ larg, = Wofllce,,  Nfllaze = WVeflpey and flyes = [Voflpew
(1.13)
respectively are finite. The topologies of Mg, (R?), M((I:J;P (R%) and W(i’)‘l’ (RY) are
induced by the respective norms in (1.13).

Let ® and ¥ be quasi-Young functions, and let ®,; be the same as in Remark 1.10
and w € Z5(R??). Then evidently

MP (I(Rd) 1> ¥ q] (Rd) (114)

(w) (W)

We now set

MEY(RY) = MY (RY) and MEF(RY) = M) (RY). (1.15)
For conveniency we also set

MRS S MY = MY, M= M,

M®=Mg,, M™'= M(‘I;)‘P when  w(z, &) =1,

and MP = MPP and M(pw) = M(pwz))

Next we explain some basic properties of Orlicz modulation spaces. The following
proposition shows that Orlicz modulation spaces are completely determined by the be-
haviour of the quasi-Young functions near origin. We refer to [46, Proposition 5.11] for

the proof.

Proposition 1.14. Let ®; and ¥;, j = 1,2, be quasi- Young functions and w € Pp(R2).
Then the following conditions are equivalent:

(1) My (RY) € M3 (RY);

(2) for some tg > 0 it holds Po(t) < P1(t) and Va(t) < Uy(t) when t € [0, tg).
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The next two proposition show some further convenient properties for Orlicz modu-
lation spaces.

Proposition 1.15. Let ®, ®;, ¥, ¥; be quasi-Young functions, and let w,wj,v €
PR, j = 1,2, be such that w is v-moderate, and v is submultiplicative and even.
Then the following is true:

(1) M((i’)q) (R%) = M(‘i)(Rd), with equivalent quasi-norms;

(2) if o € S1(RH)\O, then f € M(i’)\l'(Rd), if and only if ||V¢f||L<1>;p is finite. Moreover,

M{i’)\p(Rd) is a quasi-Banach space under the respective quasi-norm in (1.13), and
different choices of ¢ € 1 (R?)\ 0 give rise to equivalent norms. If more restrictive
® and ¥ are Young functions, then M(%)\D(Rd) is a Banach space, and similar facts
hold true with the condition ¢ € M(lv)(Rd) \ 0 in place of ¢ € L1(R?)\ 0 at each

occurrence.
(3) Zf‘I)Q 5 (131, \Ilg 5 \111 and w2 S w1, then

TR € ME (R € M2 (RY) € T(RY).

Proposition 1.16. Let ®, U be Young functions, and let w € Pr(R2?). Then the following
18 true:

(1) the sesqui-linear form (-, -)pz on X1(R?) extends to a continuous map from

MEY (R x MG (RY)
to C. This extension is unique when ® and V fulfill a local As-condition. If
If[l = sup
that ||b||Mﬁ/wq; <1, then || - || and || - HM(Pw‘g are equivalent norms;

(2) if ® and U fulfill a local Ay-condition, then ¥1(R?) is dense in MEI;’)\II(Rd), and
the dual space of M(C};’)‘P(Rd) can be identified with M(qi;f;* (RY), through the form
(+, - )pz. Moreover, ¥1(RY) is weakly dense in Ma*)w (R9).

(f,9)12|, where the supremum is taken over all b € M((Il’;(’f;*(Rd) such

Proposition 1.15 follows from Theorem 2.4 in [45], Theorems 3.1 and 5.9 in [46], and
Proposition 1.14. The details are left for the reader. (See also Theorem 4.2 and other
results in [10].) Proposition 1.16 is well-known in the case of modulation spaces (see
e.g. Chapters 11 and 12 in [15]). For general Orlicz modulation spaces, Proposition 1.16
essentially follow from Propositions 4.3 and 4.9 in [10] and the fact that similar results
hold for Orlicz spaces.

In order to be self-contained we have included a straight-forward proof of Proposi-
tion 1.16 in Appendix A, with arguments adapted to the present situation.
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Example 1.17. Let ® be a Young function given by (0.3). For the entropy functional (0.1)
it is announced in the introduction that it might be more suitable to investigate such
functional in background of the Orlicz modulation space M ®(R?) instead of the classical
modulation space or Lebesgue space M?(R%) = L?(R%) when ® is given by (0.3). (See
[25,26] and the references therein.)

In fact, in Section 3 we show that

(1) The functional E is continuous on M ®(R9), but fails to be continuous on M?(R?).
(Cf. Theorem 3.1.)
(2) The space M®(R?) is close to M?(R?) in the sense of the dense embeddings

MP(RY) € MP(RY) C M*(RY),  p<2
(Cf. Lemma 3.2.)
1.5. Pseudo-differential operators

Next we recall some basic facts from pseudo-differential calculus (cf. [21]). Let s > 1/2,
a € S;(R??), and let A belong to M(d, R), the set of all d x d-matrices with entries in
R. Then the pseudo-differential operator Op 4(a), defined by

Op4(a) f(z) = (2m)~¢ // alz — A(z —y), &) f(y)e' ¥4 dyde, (1.16)

R2d

is a linear and continuous operator on Ss;(R?). For a € S,(R??) the pseudo-differential
operator Op4(a) is defined as the continuous operator from S,(R?) to S!(R%) with
distribution kernel given by

Koa(z,y) = (21)7 2 (F5 a)(x — Az — y),z — y). (1.17)

Here 7 F is the partial Fourier transform of F(z,y) € S.(R??) with respect to the
variable y € R¢. This definition generalizes (1.16) and is well-defined, since the mappings

Fo and F(x,y)— F(z — Alx —y),y — x) (1.18)

are homeomorphisms on S:(R2%). The map a — K, 4 is hence a homeomorphism on
S!(R2).

If A =0, then Op,(a) is the standard or Kohn-Nirenberg representation a(z, D).
If instead A = %Id, then Op,4(a) agrees with the Weyl operator or Weyl quantization
Op"“(a). Here I is the d x d identity matrix.

For any K € S,(R%%4) let Tk be the linear and continuous mapping from Sy(R%)
to S(R%) defined by
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(Tkf.9)r2(mazy = (K, g @ [)r2martany, [ €Ss(RM), g€ S(R®). (1.19)

It is a well-known consequence of the Schwartz kernel theorem that if A € M(d, R), then
K + Tk and a + Op4(a) are bijective mappings from .7’/ (R2?¢) to the space of linear
and continuous mappings from . (R%) to .7/ (R%) (cf. e.g. [21]).

Likewise the maps K — Tk and a — Opy(a) are uniquely extendable to bijective
mappings from S’(R2?) to the set of linear and continuous mappings from Ss(R9) to
S/ (RY). In fact, the asserted bijectivity for the map K ~ Tk follows from the kernel
theorems for topological vector spaces, using the fact that Gelfand-Shilov spaces are
inductive or projective limits of certain Hilbert spaces of Hermite series expansions (see
[22,28,33]). This kernel theorem corresponds to the Schwartz kernel theorem in the usual
distribution theory. The other assertion follows from the fact that the map a — K, 4 is
a homeomorphism on S’ (R?2%).

In particular, for a; € S,(R??) and Ay, A € M(d, R), there is a unique ay € Si(R??)
such that Op 4, (a1) = Opy, (az2). The relationship between a; and ay is given by

Opy,(a1) = Opy,(as) & WPePa (z,6) = ¢ A2PePolay(2,6).  (1.20)

(Cf. [21].) Here the expressions on the right in (1.20) makes sense, since the Fourier
transform of e4iPe:D=)q (x,€) is equal to e((Ai7€)q; (¢, x), and that the map, which
takes b(¢,z) into e* A% b(¢, 2), is continuous on S’(R?) (see e.g. [47]).

The operator e/{4P¢:P=) is essential when transferring Wigner distributions to each

others. In what follows we have the following continuity result for e?(4P¢:P=) when acting

on Orlicz modulation spaces.

Proposition 1.18. Let &1 and @5 be quasi- Young functions, A € M(d,R), s1 > %, S >
wo € Pr(R*), where P (R*) is the set of all moderate functions on R*, and let

wA(xagvnvy) = Wo(x + Ay7§+ A*nvn,y)

Then the following is true:

(1) efAPeDe) s continuous from .7 (R4 to . (R??), and restricts to homeomorphisms

on

S, (R*), 2,(R*) and Z(R*),
and is uniquely extendable to homeomorphisms on

S, (R*), ¥ (R*) and ' (R*);

(2) efAPeDa) from S (R2Y) to X[ (R2Y) restricts to a homeomorphism from

MG (R) o M(‘I;‘f (R??), and
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||6i<AD§’D$>a||]V[EI>1,<§)2 = HCLHM(‘I’L)‘I’% a € Mz)lo’)q)z (RQd). (1.21)
wa wo

Proof. We shall follow the proof of [43, Proposition 2.8].
The assertion (1) and its proof can be found in e.g. [1,47]. Let T = e¥APe:D=) By
(2.12) in [43] we have

|(VT¢'(Tf>)(x’€777?y)‘ = ‘(V¢f)(‘r + Ay, &+ A*Uﬂ%yﬂ,

when ¢ € ¥;(R2?). By multiplying with wa, applying the L® norm on the z and ¢
variables and then taking x + Ay and £ + A*n as new variables of integration give

I(Ves(TH)Comy)walsmy)llze @eay = (Ve ) om y)wo(- 0, 9)ll Lo (mea)-

The relation (1.21) now follows by applying the LY norm with respect to the y and n
variables on the latter identity. This gives the result. O

For future references we observe the relationship

|(V¢KG,A)($7y’§7 —77)‘ = |(Vwa)(a: - A(QL‘ - y)vA*€+ (I - A*)Thf Y- Jf)|,

(1.22)
o(z,y) = (F2)(z — Alz —y),z —y)

between symbols and kernels for pseudo-differential operators, which follows by straight-
forward applications of Fourier inversion formula (see also the proof of Proposition 2.5
in [43]).

1.6. Wigner distributions
Next we recall general classes of Wigner distributions parameterized by matrices.

Let A € M(d,R). Then the A-Wigner distribution (or cross-A-Wigner distribution) of
f1, f2 € Z(R?), is defined by the formula

W (2.6 = F(flz+ AR+ (A=1))) (), (1.23)

which takes the form

Wi g (,€) = (2m) / fi(@ + Ay) folz + (A= Dy)e "8 dy,
Rd

when f1, fo € S;(R%). We set Wi o = W;},fz when A = %Id and I; is the d x d, in
which case we get the classical (standard) Wigner distribution.

The definition of Wigner distributions is extendable in various ways, which the fol-
lowing result indicates. For the proof we refer to [43] and its references.
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Proposition 1.19. Let A € M(d,R), s > 1 and T from .#(R%) x .Z(R?) to /'(R??) be
the map given by (f1, f2) — W]é,fz' Then the following is true:

(1) T restricts to a continuous map from Ss(R%) x S(R?) to Ss(R??), and is uniquely
extendable to a continuous map from S,(R?) x S’ (R?) to S’ (R%);

(2) T restricts to a continuous map from S'(R?) x S;(R?) or from S;(R?) x S’(R4) to
SH(R?*) N C>=(R2).

The same holds true with . in place of Ss at each occurrence. If in addition s > %,
then the same holds true with X4 in place of Ss at each occurrence.

The following result shows that Wigner distributions with different matrices can be
carried over to each others. We refer to Subsection 1.1 in [43] for the proof (see e.g. (1.10)
in [43]).

Lemma 1.20. Let Ay, Ay € M(d,R) and fi1, f2 € S{/Q(Rd). Then

ei(Ale,Dﬂ W21f2 _ €i<A2D5>Dz>Wﬁzfz )

Finally we recall the links

d

(Opa(a)f,g)L2mey = (27T)_§(avW;,‘f)L2(R2d)v ac y/(RM)» g€ y(Rd)a (1.24)
and

Ops(Wi 1) f(x) = @m) "2 (f, o) fi(@),  fifo € ' (RY), f e #(RY),  (1.25)

between pseudo-differential operators and Wigner distributions, which follows by
straight-forward computations. Similar facts hold true with S; or ¥, in place of %
at each occurrence.

Remark 1.21. We observe that the definition of Wigner distributions can be extended in
various ways. For example, metaplectic Wigner distributions are given in [2].

2. Continuity for pseudo-differential operators when acting on Orlicz modulation
spaces

In this section we deduce continuity properties for Wigner distributions when acting
on Orlicz modulation spaces. Thereafter we apply such results to obtain continuity prop-
erties for pseudo-differential operators with symbols in Orlicz modulation spaces when
acting on other Orlicz modulation spaces.

We need the following result on Holder’s inequality for Orlicz spaces, and refer to [29,
I11.3.3] for the proof (cf. Theorem 7 in [29, II1.3.3]). Here we let S(u) be the set of all
simple and (p-)measurable functions on the measurable space (E, ).
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Proposition 2.1 (Holder inequality). Let (E, i) be a measurable space, and ®;, j =0,1,2
be Young’s functions such that

éo(tltz) < (I)l(tl) + @2(?52) or @al(s) 2 @;1(8) . @;1(8), S,tl,tz 2 0

Then the map (f1, f2) — f1-f2 from S(p)xS(u) to S(u) extends uniquely to a continuous
map from L®1(u) x L®2(pu) to L*(p), and

1f1- follpoo <20 fillpodllfollpes  f5 € L% (), j=1,2. (2.1)
2.1. Continuity for Wigner distributions and short-time Fourier transforms

In some situations, we need some more restrictions on our (quasi-) Young functions.

Definition 2.2. Let @ : [0, 00] — [0,00] and p € (0,00). Then @ is called p-steered if one
of the following conditions are fulfilled:

(1) limsup,_,q, % = o0;

(2) t— @(t%) is equal to a Young function near origin.

The first main result of the section is the following theorem which concerns continuity
property for Wigner distributions acting on Orlicz modulation spaces. Here the involved
weight functions should satisfy

w(@, §,n,y) S wi(e — Ay, §+ (I = AN)n)wa(z + (I = A)y,§ — A™n). (2.2)

Theorem 2.3. Let A € M(d,R), p,q € [1, 00| be such that p < ¢, and let @, ¥; : [0, 00] —
[0,00], j = 1,2, be such that the following is true:

o if p=o00, then ®; and ¥; are Young functions;
o if p < oo, then ®; and ¥; are p-steered Young functions which fulfill a local As-
condition, and for some r > 0, it holds

(I)l(t)v CI)Q(t) Z tq7 \Ill(t)a \IIQ(t) 2 tqa le [077"]7 (23)
and

+

=
Q=

D)2 () Sor e, WTEOWF ) Ssr T s€ 0] (24)
Also let w € Pr(R*Y) and wi,wy € Pr(R?*) be such that (2.2) holds. Then the map
(f1, f2) — Wﬁb from ¥} (RY) x 2} (R?) to ¥4 (R2?) restricts to a continuous map from

M PR < ME2 " (RY) to MEI(R?), and

O,V )
1WA plag S Wllyger o follyeasss 5 € MERD, j=12.  (25)
wq wo

(w) ™
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Remark 2.4. Suppose that p, ¢ € (0, 00] satisfy p < ¢, @ : [0, 00] — [0, 00] and let O, (t) =
@(t%). (Observe that such expressions appear behind the conditions in Theorem 2.3.)
Then the following is true:

(1) if ¢ < o0 and @) is a Young function, then ®(t) < 7 near origin and @, is a Young
function;

(2) if @}, is a Young function which satisfies the Ag-condition, then @, is a Young
function which satisfies the As-condition;

(3) Suppose that p < oo, and ®;,¥; : [0,00] — [0, 00] are such that ¢ — @j(t%) and
t— U, (t%) are Young functions, j = 1,2, and that (2.4) holds. Then (2.3) holds. In
particular, for some r1,79 > 0 it holds

1S (), V(1) StP, te0,m], (2.6)
or equivalently,

sP S @f&(s)ﬂlljf&(s) S si, s€ [0,72]. (2.7)

For ¢ = oo we observe the following consequence of Theorem 2.3, for extreme choices
of ®; or ¥;, for some j =1,2.

Corollary 2.5. Let A € M(d,R), p € [1,00) be such that p < q, and let ®; and V; be
such thatt — ®; (t%) andt — U, (t%) are Young functions which fulfill the As-condition,
7 =1,2, and such that

O (5)®5 1 (s) < sv  and T ()05 (s) < s%. (2.8)

Also let w € Pp(R*) and wi,ws € PE(R??) be such that (2.2) holds. Then the map
(f1, f2) — W;ﬁ}’fz from ¥} (RY) x 21 (R?) to ¥4 (R2?) restricts to a continuous map from

M(”wl)l (RY) x M(sz) 2(RY), M(‘jjl) H(RY) x M{w2)2 (RY),

MR MEFRY or MERY x MU (R

to M{5° (R2%).

We need the following Young type results for Orlicz spaces for the proof of Theorem 2.3
(see Theorem 9 in [29, I11.3.3]).

Lemma 2.6. Let ®;,7 = 0,1,2, be Young functions which fulfill the As-condition and
such that

7' (s) - By (s) < 5P (s), s

WV
o

(2.9)
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Then the convolution map (f1, f2) — f1 * fo from L®*(R%) x L?2(R%) to L (RY) is
continuous and

£ % follpeo < 201 fillposllfellpes,  f5 € L% (RY), j=1,2. (2.10)

Proof of Theorem 2.3. First suppose p = co. Then it follows from e.g. [43, Proposition

2.4] that (f1, f2) = W} ;, is continuous from M5 \(RY) x M75 (RY) to M75 (R*).

The result now follows from the facts that ¢ > p = oo and M, ij_’)qu (R?) are continuously

embedded in M(O‘“jj)(Rd)7 j=1,2, in view of Proposition 1.14.

It remains to consider the case when p < oco. Since M&])\P I(R%) only depends on
®; and U, near origin, in view of [46, Proposition 5.9], we may replace these Young
functions with new ones such that (2.4) holds for all s € [0,00] (see Definition 1.11).
Furthermore, by (1.10) and Lemma 2.6 in [43], it follows that we may reduce ourselves
to the case when A = %I , giving the standard (cross-)Wigner distribution.

First we consider the case when t — Qj(t%) and t \Pj(t%) are Young functions. As
a first step on this we also assume that ¢ < oo, giving that p < co.

Let

F:th.fz and '(/):W¢’1,¢2'
Then [43, Lemma 2.6] gives
Vo F(x,&m,9)] = Vo, fula — 59, € + 50)| - Vo, fo(z + 59,6 — 3m)]-
Hence, if

Gz, &, y) = [V F(x, & n, y)w(@, & n,y)l,
Gi (x7£) = |V¢1 fl(_xaf)wl(_x7€)‘

and
Ga(x,8) = [V, foa, =E)wa(z, =E)],
then it follows from the assumptions that
0< Gla,&my) S Gilzy — 2,30 +&) - Galzy + 2, 51— ). (2.11)

By first applying the LP-norm on the x and £ variables, and then the L? norm on the
y variable we obtain

[ Ho(n, )lLarey S B(n), Ho(n,y) = IG(-,n,9)llLr(r24), (2.12)

where
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R(n) = </ (/ Gl(%y—%%77+€)”G2(%y+x7%n—f)pdmd£>p dy) :

We need to estimate R(n) in suitable ways.
By taking z+ %y, &— %77 and y as new variables of integrations, and using Minkowski’s
inequality, we obtain

1
P L

R(y) = < / ( /I Gl(yx,nﬁ)”%(w,&)pdxdé)g dy)q
/(/ (/Gﬂy—xm—f)p%(m,apdw)% dy)q i)

— ([ (1610 - €7 xGat-.671, ) dg)%. (213)

N

Now recall that if

B;(t) =@;(tr) and W;(t) =V;(tr), j=1,2,

then, since ®; and ¥; for j = 1,2 are p-steered, :I;j(t) and ‘I/j(t) are Young functions
such that

Hence Lemma 2.6 gives

IG1(-n = &7 Gal &)l 5 S Hiln— ) Ha(€)", (2.14)
where
Hy(©) = 116, &P] 7, G=1.2 (2.15)

By combining (2.13) with (2.14) we obtain

<=

R(n) S ((HY * HF)(n))?-

By applying the L9 norm, and using that ||F||M(p<)z S IR pa, due to (2.12) and Lemma 2.6
we get

=

1
1Flaze S N Rllze S NHT = HEN 7, < (TN o, 1HE ] 2,)

-

= (1GT1 o130, 1G8 ] 252) * = 1 Gllorwa [ Gall o v

= ||f1||M(<I;117;P1 |\f2|\M§szv;v27
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giving the result in the case ¢ < oco.
Next suppose that ¢ = co. By first applying the LP-norm on the x and & variables,
and then the L> norm on the y variable in (2.11) we obtain

sup (|G(-,m,9) || Leroey) S R(n), (2.12)
yeR4

where R(n) is now redefined as

1
P

R = s ( ] 61y =64 bnpGati+ o b - 97 o)

yeR?
An application of (2.13) gives

p

R(y) < (/G1<~,n—f>p*e2<-,s>p||m ds) | (2.13)

We have

and by Holder’s inequality we obtain

1GL(-,m = &) * Ga(-, &) |Lee S Ha(n — &) H2(§)", (2.14)

where H; are the same as in (2.15).
A combination of (2.13)" and (2.14)" gives

1
R(n) S (HY * Hy) ()7
By applying the L*>° norm, and using that ”FHM(’;‘;O S ||R|| L, due to (2.12)’, we obtain

IFl gz S IRl S IHT 5+ Hy || o

S

1
S (HY N o 1HE ) o) = (1G] Loy, 1GE | s 5)

= |G1llpar v [|Gall poawe < ([ f1ll pyor v (| foll oz vs
(w1) (w2)

giving the result in the case when t — q)j(t%) and t — ¥; (t%) are Young functions.

It remains to consider the case when ¢ — <I>j(t%) ort — \I/k(t%) are not Young
functions for some j = 1,2 and some k = 1, 2. We shall here mainly use similar arguments
as in the proof of Theorem 1.1 in [3]. Then

=

<I>j_&(s) <svoor Up¥(s) < sv
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near origin, for some j = 1,2 and some k = 1,2. First suppose that CIDI&(S) < s%, and
1
that ¥,;(t») are Young functions, j = 1,2. Then

=
Q|-

Oy (s)s0 S sv
and

MERY) € METHRY) and MEET(RY) € METH(RY), (2.16)
where the last embedding follows from (2.3). By the previous part of the proof we have
that (f1, f2) — Wfi)f? is continuous from M(pb;l)l (R%) x M(qu’&)z (R%) to Mm(RM). The
result now follows in this case by combining the latter continuity property with the

embeddings in (2.16).
By similar arguments, the same conclusion holds true if instead

©;%(s) S5, WTE(s) Ssv o Wy(s) s

The details are left for the reader.
Finally suppose that

_ 1 _ 1
@j&(s)SSﬂ, and Wk&(s)§sp,

for some j = 1,2 and some k£ = 1,2. Then the previous arguments lead to

M2 R € MEY (RY), (2.17)
for some p;,q; € {p,q}, j = 1,2, and such that p; # ps and ¢1 = ¢». Again we have
that (f1, f2) = W}, ;, is continuous from M{}{" (R?) x M35 (RY) to MPS(R??). The
asserted continuity now follows from (2.17), and the result follows. O

Beside the estimates for Wigner distributions on Orlicz modulation spaces in The-
orem 2.3, we also have the following result on estimates for the short-time Fourier
transform. The result generalizes [5, Proposition 3.3] which involves non-weighted modu-
lation spaces as well as [39, Proposition 2.2] which involves weighted modulation spaces.
(See Definition 1.4 for broader spectrum of Orlicz spaces.)

Theorem 2.7. Let f1, fo € 81/2(Rd), ®; and U; be quasi-Young functions j = 1,2,
wo € PR and wy,wy € PE(R2). Also let ¢y, b2 € 81/2(Rd>, and let ¢ = Vg, ¢a.
Then the following is true:

(1) if

w0($7£7’r}7 _y) < Cwl(y - %77)&12(%5 + 77)7 €, yvga n S Rd? (218)
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for some constant C > 0, then

||V¢>(Vf1f2)||L(4>1v;b21%% < C||V¢1f1||L;1>1,)w1 ||V¢2f2||Lw2(,q>2;; (2.19)
' ' v

wl(yfxan)WQ(:%g‘i}n) < CWO(x7£a777 73—/)7 xayafan GRdﬂ (220)

for some constant C, then
||V¢1 fi ”L'(i’lv;l’l ”Vfi?zf? HL‘I’2(’¢’2) < C“V¢(Vf1 fQ) ”L'(i’lv;i’?v‘l’l»‘I’Z ) (221)
w1 *, (w2 «wo

(3) if (2.18) and (2.20) hold for some constant C, then f1 € Mq)l’)‘ljl(Rd) and fo €

(w1
W(\I;Z’)% (RY), if and only if Vi fa € leo’;l)?’qjl’% (R??), and

Vi foll yponeaiwnws | fallypenen || f2lly ve.0s (2.22)
(wg) (w1) (w2)

Proof. We shall mainly follow the proofs of Proposition 3.3 in [5] and Proposition 2.2 in
It suffices to prove (1) and (2), and then we only prove (1), since (2) follows by similar
arguments.
By Fourier’s inversion formula we have

‘V¢1f1(_x - y’n)v¢2f2(_y7§ + 77)| = |V¢(Vf1f2)(.’£,f,’l7,y)|
(cf. e.g. [12,15,37,43]). Hence, if
Fi(z,8) = Vg, fi(z,lwi(z,§) and  Fa(z,§) = Vi, fo(z, Hwa(z, §),
then

VeV f2)( 5 &my)wo( -5 & m y)ll Lo (rey < CIF1(=y — - ,n) Fa(=y, € + 0| L1 (ray
= Cl 7 (-, n)llper ey Fo(—y, € +1).

By applying the L®? quasi-norm with respect to the &-variables we obtain
HVtﬁ(Vfl f2>( 1 y)wo( /R y) ||L‘I’1v‘1’2 (R24)
< CIELC )l pos a1 F2 (=, - +n)l oz (ray = CIELC 0l os ey [ F2 (=Y, - )l Lo (ra)-

The result now follows by first applying the LY quasi-norm on the 7-variables, and then
the LY2 quasi-norm on the y-variables. O
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Corollary 2.8. Let f1, fs € 8{/2(Rd), ® and U be quasi-Young functions and let wy €
Zr(R*) and wi,ws € Pp(R?) be such that

wo(z,&,m, —y) <X wi(y — x,n)wa(y, £ +n).

Then fi € M, (RY) and fo € W (R?), if and only if Vy, f» € Mg, (R*), and

‘|Vf1f2|‘M<1’"I’ = ”fl”M‘I’v“’ ||f2||w‘1’"1>'
(wp) (w1) (w2)

2.2. Continuity for pseudo-differential operators when acting on Orlicz modulation
spaces

Next we apply the previous results to deduce continuity for pseudo-differential oper-
ators with symbols in modulation spaces which act on Orlicz modulation spaces. The
involved weight functions should satisfy

wo(z, &)
Wl(ﬁ%’l)

Swo(z — Az —y), A"+ (I = A, —n,y — o). (2.23)

The following result extend [4, Theorem 5.1].

Theorem 2.9. Let A € M(d,R), p,q € [1,00] be such that ¢ < p, and let &;,¥; : [0, 00] —
[0,00], 5 = 1,2, be such that the following is true:

e ifp=1, then ®; and V; are Young functions;
o if p > 1, then ®; and V; are p'-steered Young functions which fulfill a local As-
condition, and for some r > 0, it holds

q)l(t)v q)Q(t) 2 tQI \Ill(t)u \112(t) Z tQ/v te [07 7’]7 (224)
and
OrE(s)03 () S 57T, W)U E(s) S5V, sef0r] (225)

Also let wg € Z5(R*? @ R??) and wr,ws € Pr(R2?) satisfy (2.23). If a € M(p;é)(RQd),
then Op4(a) from S;2(R?) to 3{/2(Rd) extends uniquely to a continuous map from

. DL UL
M(‘I;)‘” (R7) to M 2% (RY), and

o <
1OPA@) o130, pyrs vs S lalagz (2.26)

Moreover, if in addition a belongs to the closure of Sy /o under the M(pU;O) norm, then

Opy(a) : M((ill’)qj‘(Rd) — M(ii’)\y; (R%) is compact.



A. Gumber et al. / Journal of Functional Analysis 286 (2024) 110225 27

Proof. First suppose that p < co. Then ¢ < 0o, and it follows that 81/2(R2d) is dense in
M(I:)‘é)(RQd) Let f,g € SI/Q(Rd) and a € Sy /5(R??). Then (1.24) and Theorem 2.3 gives

[(OpA(a)f, g)| =< |(a, W)

A
S lallagze) Wl S lallarz,

(2.27)
£l gl

and by duality it follows that Op 4(a) from Sl/Q(Rd) to Sy j2(RY) restricts to a continuous
map from Mall’)% (R%) to M;ii’)qj; (R%), and that (2.27) gives (2.26). The result now

follows in this case by (2.27) and the fact that Sy /o(R??) is dense in M(pu’)z)(Rw).

Next suppose that p = 0o and ¢ < 0. If a € 81 /2(R?%), then (2.27) implies that (2.26)
holds in this case as well. By Hahn-Banach’s theorem it follows that the definition of
Op4(a) is extendable to any a € M&ﬁ)(RQd), and that (2.26) still holds. The uniqueness
of the extension now follows from the fact that S;/o(R??) is dense in M &Z)(Rm) with
respect to the narrow convergence, when ¢ < oo (see [40]).

Finally, if p = ¢ = oo, then (2.4) implies that
(I)](t) =t and \Ijj(t) = t, ] = 1,2,

giving that M((I)l’)qll(Rd) M(1 1)

follows by choosing p = ¢ = oo in [43, Theorem 2.2]. O

(R%) and M(%’)‘Ij2 (R%) = M(TJ’SO(Rd). The result now

As a special case we obtain the following extension of Proposition 0.1 in the introduc-
tion. The details are left for the reader.

Proposition 0.1’. Let A € M(d,R), p,q € [1,00] be such that ¢ < p and p > 1, wy €
Zr(R¥ o R™) and wi,ws € Pr(R*) satisfy (2.23). Also let ®;, ¥, : [0, 00] — [0, 0],
Jj=1,2, be such that t — ®; (ti) and t — ¥; (tﬁ) are Young functions which fulfill the
As-condition, and

Dy(1), Do(t) 219 Wi(t), Wa(t) 27, =0,

and

U=

B (s)@5 (s) S 7T, UL (s) W5 (s) S5, s 20,

Ifae M&g)(R2d), then Op 4(a) is continuous from M(‘ill’)\pl(Rd) to M;I;;Q’)\p; (R%).

By similar type of duality arguments, using Theorem 2.7 instead of Theorem 2.3, we
obtain the following extension of [43, Theorem 2.1]. Here we observe that (2.23) takes
the form

Swol@,n,§—ny— ) (2.23)
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when A = 0.

Theorem 2.10. Let ® and ¥ be Young functions which satisfy local As-condition, and
let wo € ZPr(RYM) and wi,wy € Pr(R?*?) be such that (2.23)" holds. Also let a €
W2 (R24). Then the definition of Opy(a) from S1/2(R?) to S'(R?) extends uniquely

(wo)
to a continuous map from M(q;l’)q/ (R%) to W(\I/wf)) (R%), and

10Po(@) et S Nl [l ygomaes @€ WETR), £ €MD" ®Y. (2.25)

Proof. We shall follow the proof of Theorem 2.1 in [43]. We may assume that equality
holds in (2.23)". We start to prove the result in the case ®*(¢) > 0 and U*(¢) > 0 when
t > 0. Then we may replace ® and ¥ such that the Orlicz modulation spaces are the
same and ® and W satisfy (global) As-conditions.

Let

w(x, ga 7, y) = WO(fya m, ga 7%)71,

a € W&’S(Rm) and f,g € Si/2(R%). Then Opgy(a)f makes sense as an element in

S1/o(RY).
By Theorem 2.7 we get

Vil ppwe o S Wl pge o [lgllyoe o (2.29)
(@) (w1) /

1/wg)

Furthermore, if T is the torsion operator defined by TF(z,§) = F(§, —z) when F €

S] /2(R2d), then it follows by Fourier’s inversion formula that
(Vo(Ta)) (2, &, m,y) = e DTNV 2a) (—y, 1, &, —w).
This gives

\(V¢(T2i))(:r, 57 m, y)w(xv 57 n, y)_ll = |(V¢1a‘>(_yv 1, 57 —!L‘)Cd()(—y, m, 57 —.’L')|,
when ¢ = T(E. Hence, by applying the L®¥ norm we obtain
ITall o0 = llallye.s.
It now follows from (2.29) that

|(Opg(a)f, 9)| = (2m)~¥2|(Ta, Vyg)]

R (2.30)
< 4 e < b - . g
SITalygs Viglyer o S lallyw s 15 lye o lgllyas o
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The result now follows by the facts that S; »(R?) is dense in Mgi;’)\y* (R%), and that the

dual of W(\Il’/wi) is W(ci:; when ®* and U* satisfies the As-condition.
If instead ®*(¢) = 0 and ¥(¢) > 0, or ®(¢t) > 0 and ¥*(¢) = 0, when ¢ > 0 is close
to origin, then let f € M((i’)‘p* and a € Sy/2(R??). Then Opy(a)f makes sense as an
element in S; /2(R?), and from the first part of the proof it follows that (2.30) still holds.
The result now follows by duality and the fact that .#(R?9) is dense in W(‘Z’S (R2%),
since it follows from the assumptions that ® and ¥ fulfill the As-condition.
It remains to consider the case when ®(¢t) = U*(¢) = 0 and the case when ®*(¢t) =

U(t) = 0 when ¢ > 0 is near origin. In this case, we have

W =W and M®Y =M
or

W‘I’,‘b — Woo,l and M'I’*,\I/* — MOO71.

The result then follows by letting p = ¢’ = 0o or p = ¢’ = 1 in [36, Theorem 3.9] or in
the proof of [43, Theorem 2.1]. O

Example 2.11. Let A € M(d,R), p > 2, a € MP? (R??) and ® be a Young function
which fullfils (0.8). That is, we let ¢ = p’ in our results. Then it follows that ® fullfils a
local As-condition,

1
+q/_

3

() >t? =17 and P N(s)2<s=s

Hence the hypothesis in Propositions 0.1 and 0.1’ (as well as in Theorem 2.9) are fulfilled
with

It now follows from any of these results that
Op4(a) : M®(RY) — M®(RY) (2.31)

is continuous.

We also observe that if instead a belongs to M2(R>2%), which is near M?*'(R2?) when
p > 2 is closed to 2, then the map (2.31) may be discontinuous (cf. Remark 3.8 in the
end of the next section).

3. Continuity for entropy functionals in background of Orlicz modulation spaces

In this section we show that the entropy functional in (0.3) is continuous on the
modulation spaces MP(R?), 1 < p < 2, and the Orlicz modulation space M®(R%) with
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®(t) = —t?logt near origin. For completeness we also give a proof of that the same
functional is discontinuous on M?(R?) = L2(R?). (Cf. Theorem 3.1.) In order to reach
such properties we need to prove some preparing results which might be of independent
interest. For example we deduce estimates for entropy functionals when changing window
functions (see Lemma 3.6).

We observe that the entropy functional (0.3) can be written as

E(f) = Es(f)
=~ ] Vot (@€ 108 Vas (0. )P dude + 13 113 Yos11£13), ()
R2d
by using Moyal’s identity
Vo fllez = lIfllz= 9]l 2 (3.1)
(see e.g. [15]). In particular, if || f|/z2 = ||#]|r2 = 1 which is a common condition in the

applications, the entropy of f becomes

E(f) = Es(f) = — // Voo f (2, ) log [V f(x,€)|? dwd€, || fllrz = |6llz==1 (0.1)"

R2d

(see e.g. [23,24]). For general f, ¢ € L?(R%) we observe that the entropy possess homo-
geneity properties of the form

Exs(f) = Bs(A) = IN\PEs(f).  f.oe L*(RT), AeC. (32)
In fact, Moyal’s identity gives
Exs(f) = Es(Af)

// NV (2. )2 log N[V (2, €))? drd

R2d

+ APl Ll F1172 og (AP0l Z: 11.f172)

= AP —/ Voo f (2, €)[* log [V f (2, €)|? dxd€ + |9l 72| £ 72 Log(ll6l| 22| 1I7.2)
R2d
+ (log M) (117 [1/172 — Vo FIIZ2)
= \PEs(f).
In order to discuss continuity for the entropy functional, we restrict ourself and assume

that the window functions belong to the subspace M*(R?) of L?(R%). The main result
of the section is the following.
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Theorem 3.1. Let ® be a Young function which satisfies (0.3), ¢ € M*(R?)\ 0 and let
Ey be as in (0.1). Then the following is true:

(1) Ey is continuous on MP(R?) and on M*(R%), 0 < p < 2;
(2) Ey is discontinuous on MP(R?), 2 < p < <.

We need some preparations for the proof of Theorem 3.1. First we observe that
M®(RY) is in some sense close to M?(R?).

Lemma 3.2. Let ® be a Young function which satisfies (0.3). Then
MP(RT) C M*(RY) C M?*(R?),  p<2, (3.3)
with continuous and dense inclusions, and

lirg I fllaze = |fllar2,  when f € MP(R®), for some py < 2. (3.4)
p—2-

For the limit in (3.4) it is understood that the same window function is used in the
modulation space norms.

Proof. By Proposition 1.14 it follows that M®(R%) is independent of the choice of ®
outside the interval [0,e~3]. It is therefore no restriction to assume that ® is given by

—t2log t, tel0,e 3],
D(t) =< le S(t+e ), te(e3,00), (0.1)
o0, t = 00,

which is obviously a Young function.
By Remark 1.10 and the limits

2 2 2 tP
m —— = lim ——o— = lim —— = lim ——— =
50t B(f) o0+ f2logt 0 and o0t D) t0r  f2logt

when p < 2, it follows from Proposition 1.14 that the inclusions in (3.3) holds and are
continuous. Since MP(RY) is dense in M?(R?), it also follows that M®(R?) is dense in
M2(RY).

The limit in (3.4) follows by straight-forward computations in measure theory (cf. e.g.
the exercise part of Chapter 3 in [32]). O

Remark 3.3. Let ® be a Young function which satisfies (0.3). A consequence of Theo-
rem 3.1, Lemma 3.2 and the open mapping theorem is that M®(RY) ¢ M2(R).
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Next we show that E, is well-defined and finite on M®(R?).

Lemma 3.4. Let ® be a Young function which satisfies (0.3), f, ¢ € M?(R%). Then the
following is true:

(1) Vo f(x,8)]* log, [Vif (. €)| € L' (R*) and

[ 1V o600 Vi (o, €)] e  [o0,00)
R2d

(2) if in addition f € M®(R?) and ¢ € M*(RY), then
J] 1ot @€ P 108 Vo (0, dnd < o
R2d

Proof. The assertion (1) follows from the fact that V,, f € L2(R??)N L (R2?), in view of
Moyal’s identity and the embedding M?(R9) C M>(R?), ensured by Proposition 1.15

Since (2) is obviously true when f or ¢ are identically equal to zero, we may assume
that f € M®(R?)\0and ¢ € M1(R?)\0. Let ¢ be chosen as the window function in the
modulation space norms, C' > 1 be a fixed constant and for every f € M®(R9), choose
the number A = Ay such that

[fllare <A< C[fllare-

For conveniency we also let F' =V, f,

Ql :{(xag) € RQd; ‘F(l‘,f)‘ < >\67% }a

2

D = {(z,§) € R™; Ae™5 <[F(2,)] <A}
and
Q3 = {(2,6) € R*; [F(,€)[ > A}
Then

4
- [ 1@ o 1o P ) dode] < 3 ()
k=1

R2d

where
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Je(f) = A2 !{(W)ng <|F(i§)|) dede|, k=1,2,3,

and

Ja(f) = [log Al - | 132,
and the result follows if we prove
Je(f) < o0, k=1,2,3,4. (3.5)
By the definition of ® and the Orlicz modulation space norm, we have
Ti(f) <X < C?fIl3ye < oo,
which shows that (3.5) holds for k = 1.
In order to prove (3.5) for k = 2 and k = 3 we recall that || f||aree S || fllarz S | fllare,
which implies that |F(z,&)| < || f]lae- On the other hand, |F(x,&)| 2 ||f||ae when
(z,€) € CQy. A combination of these relations yields |F(x,&)| < || f||are when (z,€) €

CQy, which implies that the logarithm in the integral expression of Ji(f) is bounded
when k = 2 or k = 3. This gives

0 < Ji(f) 5/ |F (@, &) deds < |32 S 1fI3pe, k=23,
Ce

and (3.5) follows in the cases k =2 and k = 3.
Finally, for J4(f) we have

0 < J5(f) < [log Al fl1372 < [Tog [l fII34e < oo,
and the result follows. O

The next lemma gives an essential step when deducing the asserted continuity in
Theorem 3.1.

Lemma 3.5. Let ® and ¢ be the same as in Lemma 3.J. Then

MHRY 5 1 (] 1Vf (o €) | 10g]Vif(0,)1| dudg (3:6)

R2d

18 continuous near origin.
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Proof. The result follows if we prove

- / Vo f(z,&)|*|log |V f(z,€)|| dzdé — 0 as | flae =0, f€ M*(RY).  (3.7)

R2d

Let ¢, C, A and Ji(f) be the same as in the proof of Lemma 3.4. Then

4
/ Vol (2, €)1 log [V f (2, )| dade| < 3 Jul)
k=1

and (3.7) follows if we prove
() =0 as |flys =0, feM*RY, k=1,2,34. (3.8)
By the definition of ® and the Orlicz modulation space norm, we have
0< () <N <CUfllie =0 as [Ifllus =0,
which shows that (3.8) holds for k = 1.

In order to prove (3.8) for k = 2 and k = 3 we recall from the proof of Lemma 3.4
that the logarithm in (3.8) is bounded when k = 2 or k = 3. This gives

0< A S [[ Vot @ &) duds < 71 S 171 ge =0
Qp

as || fl|are — 0, and (3.8) follows in the cases k = 2 and k = 3.
For Jy(f) with || f||are < 1 we have

0 < Ja(f) < IfI321og [ fllare] S I f 1130 log | fllare] — 0

as || fllare — 0. This gives (3.8) in the case k = 4, and (3.8) follows, and we have proved
that the map (3.6) is continuous at origin. 0O

The next lemma concerns estimates for Ey in transitions between different window
functions ¢. The result is needed in the proof of discontinuity of E; on M?(R?).

Lemma 3.6. Let ® be a Young function and ¢, € M'(R?)\ 0. Then there is a constant
C which only depends on ¢ and 1 such that

By(f) < C(By(f) +f72),  feM*RY). (3.9)
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Proof. Let f € M?(R%),
By =|Vofl, Fo=|Vyf| and H=|Vsyl.
We recall that [[H ||z =< ||¢]las ||¢]|ar < 0o in view of [15, Proposition 12.1.2]. Since
S RY) 3¢ Ey(fo), MR 3 [ Ego(f) and L*RY) > fe |f72 (3.10)

are positively homogeneous of order 2 for every fixed ¢¢ € . (R%)\0 and f, € M?(R%)\0,
we reduce ourselves to the case when ||H||p1 = 1.

Since M?(R¢) is continuously embedded in M>°(RY), there is a constant C; > 0 such
that ||V fllze < 1|V fllz2 for every f € M?(R%). First assume that ¢, 1 and f are
chosen such that |H|/: =1 and

P2l 22 = Vi fllze = ™3 /Ch. (3.11)

Then 0 < Fy(x,€) < ||Vipfllne < e 3. By [15, Lemma 11.3.3] we obtain

0< Fy(.€) < (Fo» H)(z,€) = //F2<x—y,§—n>du<y,n>
Raa (3.12)

—2
S B2l |l < e 3.

Here p is the positive measure given by du(y,n) = H(y,n) dydn, giving that

/ dp = || H||pr = 1.

R2d

Since ¢ — o(t) = —t%logt is increasing and convex on [0, e~ 3], it follows from (3.12)
and Jensen’s inequality that

Foo(f) = — / Fi(2,€)? log Fi (x, €) dwdé = // o(F (1)) durdg

Bad Rod
< //w (R/ Fy(z —y, & —n)duly,n) | dzd§
B2 a
< // (R//sO(Fz(w—y,& =) du(y,n) | ded§
Roa \gba
—Hlzs [[ ¢ (Fa(o.8)) dodg = Eno(5). (3.13)

R2d
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Now choose Cy > max(e, e%Cl) such that

Vo llz < Col Ve fllz and [V fllz2 < Collfllz2,

for every f € M?(RY), which is possible because

fAVefllee and  f = ||V £z

are two equivalent norms for M2(R%) = L?(R%). Then logCy > 1. A combination of
(3.11) and (3.13) gives log(Col| Fz||z2) = 1 and

Ey(f) = 2Eo4(f) + 2| F1]|72 log || F1 |2
< 20,4 (f) + 2(Col| Fal|2) log(Co|| P2 =)
= 2B0,4(f) + 2G5 | Fx|[72 log || F2 | 2 + 2(C3 log Co) | P27
< C(Bou(f) + 1F2]72) log || Fallze + [1£1I72),

when C = 2C¢log Cy. Hence (3.9) follows under the additional condition (3.11). The
estimate (3.9) now follows for general f € M?(R%) by the homogeneity of the mappings
in (3.10), and the result follows. O

Proof of Theorem 3.1. We choose @ as in (0.1)'. First we prove the continuity for E, on
M?®(R4) at origin.

By (3.3) it follows that || f]laz < C| fllare, for some constant C' > 1 which is inde-
pendent of f € M®(R?). Hence, for f € M®(R?) with || f|| 3¢ being small enough we
obtain

[1£1322 Yog 1 Fllarz| < C* {1 f1I370 log(Cl fllare)]

C? ([I1£1137s og(l flase)| + (Qog O flI37s) — 0

NN

as || fl|are — 0. A combination of the latter continuity and (3.7) now gives

Ey(f) = — / Vi (,€) P log [V £ (2, €)% daedé + || {12 1og | /][22 — 0

R2d

as HfHM‘I’ - 07 f € Mq)(Rd)v

and the asserted continuity for Ey near origin follows.

Next we prove that E, is continuous at a general f € M®(R?). Due to the first
part it suffices to prove that Ey is continuous outside origin. Therefore assume that
f € M®(R%)\ 0. By using the homogeneity Es(Af) = [A2E4(f) when f € M*(R?) in
combination with (3.3), it follows that it suffices to prove the result under the additional
condition
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I fllaze + [f Iz + ([ fllar= < 1.
For conveniency we set F' =V, f, G = Vg, H = F' 4+ G and

J(f.g) = // (1H (&) log |H(x, €)| — |F(x, ) *log |F(x, )]) dude

2d

when g € M®(RY). We have

Es(f +9) = Eo(£)l <2 (I (f.9) + [I|H|72 log [|H]| 2 — | FIl72log | Fllz2]) . (3.14)
If lgllare — O, then ||g|larz — 0, which implies that |H||z2 — ||[F|/z2 as ||gllaz — 0.

Hence, by the continuity of t?logt on [0, c0), it follows that last modulus in (3.14) tends
to zero as ||g||are — 0. This implies that the asserted continuity follows if we prove

J(f,9) =0 as |gllpe — 0. (3.15)
Let R > 1 be fixed and let

O ={(2,8) € R*; |F(x,8)| > R|G(x,)| }.

Then
3
k=1
where
1(f.9) = // (H(z, ) — |F(a €)[*) log | F(x, €)| dude|
Q
als.0) = | [ 1o P10 |5 28 o,
Q
and

Js(f,9) = //(\H(%S)IQlOgIH(%&)\—IF(xvﬁ)IQIOgIF(xvﬁ)I) dzdg) .
co

We shall estimate Ji(f, g) in suitable ways, k = 1,2, 3.
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For the integrand in J;(f, g), taken into account that
R|G(z, &) < [F(z,8)] <1,

we have

0 < |(|H (2, &) — |F(x,6)*) log | F (=, &)
= —||F(2.8) + G(@, )" — |F(x,§)]*| log | F (=, £)|

—(2IF (2,9)]1G(x, )| + |G, €)|*) log | F (=, £)|

<7+ ) IFE P gl P, o),

which gives

w9 < (5+ ) / [F (2, )1 log [ (2, )] dade. (3.17)

For the logarithm in Jy(f, g) we have

o | 20 g+ SO g (1 12201)

F(x,¢) F(x,€)

—log<1——) iR ’ iR—iz—

j=1 J j=1

In the second inequality we have used the fact that R > 1 and that |F(x,€)| > R|G(x,§)|
when (z,€) € Q.

This gives
1
JZ(fvg) < — |H(.’E,£)|2 dl’dg

<= // F(w, &) + G, €)[2) dude

O + 2|F(x,£>\2>dxdf,

which in turn gives

2 1
nld9) < 7 (14 5 ) I (3.18)
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Next we estimate J3(f,g). By (3.3) there is a §p > 0 such that

(R+1)’

=

|G(z,8)] <

when ||g|lare < do- (3.19)

Since [t2logt| = —t2logt is increasing on [0, e~ z],
|H(z,)| < |F(z, )| + |Gz, )| < (R+1)|G(z,8)| < e 2
and
|F(x,€)| < R|G(x,8)| < e 2

when (z, &) € CQ by (3.19), we obtain

J3(f,9) < //IH(%E)IzlogIH(xﬁ)ldﬂcdﬁ + //\F(%E)\Zlog\F(%é)\dfvdé
co co

N

// (R +1)G(z.6) log |(R + 1)G(x, £)| dude
(He)

+ / [RG(2,€)? log |RG(x, £)| dadt
(He)

< ((R+1)* +R?) / |G(2,€)|*log |G (x, €)| dwdg
[He}
+ ((R+1)*log(R + 1)+R210gR)/ |G(x,€)|? dadE
[He}

when ||g||are < do. A combination of these estimates and the fact that log |G(z,&)| < 0
in view of (3.19) gives

Js(f.9) < — (R+ 1) + B?) // Gz, )P log |Gz, €) | dude
22 (3.20)

(R + 1) log(R+ 1) + R1og B) [Gll3. llgllars < 0.

Now let € > 0 be arbitrary. By Lemma 3.4, (3.3), (3.17) and (3.18) it follows that
Ji(f,9) < § and Ja(f,g) < g, provided R is chosen large enough. A combination of
Lemma 3.5, (3.3) and (3.20) shows that there is a positive number § < Jyp such that
J3(f,9) < § when ||g|[are < 9.
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By combining these estimates with (3.16) now gives
<J(f,9) <e when ge M®RY), |lg|lse <.

This shows that (3.15) holds true, and the continuity for E; on M®(R?) follows.

The continuity for Es on MP(R%), 0 < p < 2 now follows from the fact that MP(R?)
is continuously embedded in M®(RY). (See Proposition 1.14.)

It remains to prove the discontinuity for E, on MP(R?), p > 2, and then it follows from
Lemma 3.6 that we may assume that ¢(z) = 7~ 5e~2/*. Since M2(R?) is continuously
embedded in MP(R?) when p > 2, it suffices to prove the asserted discontinuity for
p=2.

We shall investigate E4(f) with

)\‘ml2

flz) = frlz) =7 GX\Te 2 A> 1

Then ||@]/z2 = ||fallL2 = 1, and by straight-forward computations it follows that

da
Az
Vofa(w,€) = (w(A11)> e e (D,

and since fy is L?-normalized we get

Ey(fy) = — // Vi S (2, €) P og [V f (2, €) ? dard

R2d

(et) ot

R2d

O + [¢1%)) dad,

where

ha(t) = et (% +dlog (W(A% + A%))> .

By taking (Ail)%x and (115 )2¢ as new variables of integrations we obtain

Ey(fs) = / ha(af? + |€]?) dade

R2d

=m [ e (el (lu [+ 16) + dlog (m(A* + A7) )d dg
™ R/2/de 5 x og (7r ) x
—d G +log (W(A% + A—%))) .
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This implies
Jim Eg(fa) = lim Eg(fi) =co but |[Ifaflrz =1,
which shows that E, is discontinuous on L?(R%) = M?(R?), and the result follows. O

By Theorem 3.1 and its proof it follows that Lemma 3.5 can be improved into the
following.

Lemma 3.5’. Let ® and ¢ be the same as in Lemma 3./. Then

MHRY 5 1o (] 1Vf (o €) | 1og]Vif (0,)1| dudg

R2d

is locally uniformly continuous.

Remark 3.7. In view of Theorem 3.1 and its proof it follows that (2) in that theorem can
be extended into the following:

(2)" Ey in (0.1) is locally uniformly continuous on MP(R?) and on M®(R%), 0 < p < 2,
and discontinuous on MP(R?) for 2 < p < .

Remark 3.8. Let A € M(d,R) and ® be a Young function which fullfils (0.8). We claim
that there is a symbol a in M2(R24) (which is close to M?* (R2?) when p > 2 is close
to 2) such that the map (2.31) is discontinuous. (Cf. Example 2.11.)

In fact, by Remark 3.3, there are f; € M?(R%)\ M®?(R?) and f, € .#(R?)\ 0. Then
a= Wﬁ,h € M?(R2%). By (1.25) it follows that

d
2

Opa(a)f(z) = (21) "2 (f, f2) 12 fi(2) € MP(RY)\ M*(RY)

for every f € Z(RY) C M®(R%) which is not orthogonal to f2, and the asserted discon-
tinuity follows.

Data availability

No data was used for the research described in the article.
Appendix A. STFT projections on Orlicz modulation spaces

In this appendix we first recall some facts on projections on Orlicz modulation spaces
which appear after compositions between short-time Fourier transforms and their ad-

joints.
Thereafter we apply our results to give a proof of Proposition 1.16.
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A.1. STFT projections and twisted convolutions
Let s > 1. If ¢ € S;(R%) \ 0, then it follows from Fourier’s inversion formula that
Id = Ids; = ([0l22) - Vg o Ve, (A.1)

is the identity operator on S’(R?). The same and following results hold true with ¥4 and
< in place of S; at each occurrence. The identity (A.1) is equivalent to Moyal’s identity
(3.1). If we swap the order of this composition we get certain types of projections. More
precisely, let

Py = |lg]lL3 - Voo Vg (A.2)
We observe that Py is continuous on Ss(R2?), L?(R??) and on S/(R??) due to the

mapping properties for V,, and V(;‘ .
It is clear that P} = Py, i.e. Py is self-adjoint. Furthermore,

P2 = glIz - Vio (82 Vg o Ve ) o Vi = ll6llz2 - Voo Vi = P,
—_— ————

The identity operator

giving that Py is an orthonormal projection, that is,
P; =P, and P, =P, (A.3)
The ranks of Py are given by
Py(S:(R*)) = Vo(Ss(R)) and  Py(S{(R*)) = Vi (Si(R7)). (A.4)
In fact, if F € Si(R?4), then
PyF =V,f, (A.5)

where f = ||¢||222V¢:‘F € S/(R?). This shows that P,(S.(R?)) C V,(S.(R?)). On the
other hand, if f € S/(R?) and F =V, f, then

PoF = (Voo (6112 - Vi o Vi) ) £ = Vo,

which shows that any element in V,(S.(R%)) is equal to an element in P, (S, (R??)),
ie. Py(L"(R*?) = Vyu('(R?)). The same holds true with S, in place of S, at each
occurrence, and (A.4) follows.

Remark A.1. Let F € S/(R??). Then (A.4) shows that F = V,f for some f € S/(RY),
if and only if
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F = P4F. (A.6)
Furthermore, if (A.6) holds, then F' =V, f with

F=lgllz) - V5 F. (A7)

Let F € S;(R*!) and ¢ € S;(R?)\ 0. Then by expanding the integrals for Vs and V;
in (A.2) one obtains

PyF = ||¢] ;3 - Vep xv F,  F e 7" (R*), (A.8)
where the twisted convolution xy is defined by
(Frv Qw6 = em) 7t [ Plo—y6 - n)G.e 0 dydn, (49)
R2d

when F, G € S;(R??). We observe that the definition of %y extends in different ways. For
example, Young’s inequality for ordinary convolution also holds for *y,. Moreover, the
map (F,G) — F*y G extends uniquely to continuous mappings from Sg(R??) x S.(R24)
or 8L(R%) x S;(R??) to S’ (R??). By straight-forward computations it follows that

(F*V G) *VH:F*V (G*V H), (AIO)
when F, H € S;(R??) and G € S.(R??), or F, H € S/(R??) and G € S,(R?%).

Let f € S{(RY) and ¢; € S(RY), j = 1,2,3. By straight-forward applications of
Parseval’s formula it follows that

(Voo #3) v (Vip, ) (2,6) = (¢3, P1) 12 - (Vi ) (,€), (A.11)

which is some sort of reproducing kernel of short-time Fourier transforms in the back-
ground of *y. (See also Chapter 11 in [15].)

A.2. Applications to Orlicz modulation spaces

We have now the following which essentially follows from Proposition 4.3 and its proof
in [10].

Lemma A.2. Let ® and ¥ be Young functions, ¢ € %1(R%) be such that ||¢||r2 = 1 and
let w € Pr(R2Y). Then the following is true:

(1) Py from X5 (R2?4) to V,(X) (RY)) restricts to a continuous projection from L((I;;I'(RM)

to Vo (M2 (R));
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(2) if F € L) (R*) and f = VJF, then Vyf = PyF and

IF e = NP Fllow S NE e, f=VEE (A.12)

Proof. By (A.5) and Remark A.1, the result follows if we prove (A.12).
Let v € Zg(R>2?) be submultiplicative such that w is v-moderate. By (A.8) we have

|F sy G| < |F|*|G].
Hence (A.5) and (A.9) give

£ agz,e < WVofllpey = 1P Fll L2

SIEL Vool o S NE 2w Vol

"

The asserted continuity now follows from the fact that for some r > 0 we have
v(z,€) < erUzl+1ED  and V()| < e 2r(el+IED

in view of Proposition 1.1 and (1.9). O

Proof of Proposition 1.16. We have

[(F,G) 2y S IIFll 2w Gl o e

when F,G € ¥;(R2?), by Holder’s inequality for Orlicz spaces (cf. e.g. [20,29]). By
Hahn-Banach’s theorem it follows that the map (F,G) — (F, G)2(reqy from 1 (R??) x
%1 (R??) to C extends to a continuous map from LEI:;;II(RM) X LED;)’\P* (R2%) to C.

If ¢ € ¥1(R7)\ 0 satisfies [|¢].> = 1, f € M) (R?) and g € M, (R?), we
now use Moyal’s identity to define (f,g)r2me) = (Vo f, Vs9)r2(r2¢), which satisfies the

requested properties, because

|(f, 9)L2(Rd)| = |(V¢fa V¢9>L2(R2d)‘ (A13)
< HWfHLW||V¢9||L(¢:)ﬂf* = ||f||Ma;"||9||M(<b:)~w*, '

and the continuity extension in (1) follows. Suppose from now on that ® and ¥ in
addition satisfy the As-condition. Then X;(R?) is dense in M(q; )\I' (R%) which implies
that the latter continuity extension is unique.

Next suppose that T is a continuous linear form on M{i)‘l’ (R4). Then

Tv(Vsf) =T(f)

satisfies
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TV D) S TS I e = IVad oy

Hence T; is a continuous linear form on V¢(M((i’)\y (R%)). Since the injection from

Vi (M, ((I; )\P (R%)) to L‘(i;;;II(RQd) is norm preserving, it follows by Hahn-Banach’s theorem

that 77 extends to a linear form on LEI:;P(RM)) with the same norm. By [29] it follows
that the dual of the latter space is equal to La?’jj; (R?%) through the (-, - )p2(r2a) form.
Hence

T1(F) = (F,G) 2(r2a) = // F(z,8)G(x,§)dedS,  F e Ly (R™),
R2d

for some fixed G € L‘(I)l/f) (R?%)) which satisfies

Gl e = IT2ll = T (A14)

By Lemma A.2 we also have PyG = Vg for some g € M(q;)q’ (R%). A combination of
these identities and Moyal’s identity gives that for any f € M, i} )\I' (R%) we have

T(f) = (V¢f’ G)L?(RM) = (P<1>(V¢f)7G)L2(R2d)
= (Vo f, PsG) 2(m2ay = (Vo f, Vog) L2(r24) (A.15)

= (f, Q)Lz((Rd)),

which gives (2).

Finally, by (A.13) it follows that || f| < ||fHM(<I>>‘P when f € M&;P(Rd).

On the other hand, let fy € M (R?) be fixed and let T be the linear form on

{AMo; AeC}C Ma’)‘lj(Rd) given by

T(AMo) = Alfollae-

Then ||T'|| = 1. By Hahn-Banach’s theorem, there is a G € szl/f) (R?%)) such that T

extends to a form on Ma)‘p (R%) and such that (A.14) and (A.15) hold. Since ||g|| ;o= .v+ <
(/@)

~

|G|l #= v+ in view of Lemma A.2 we get by choosing f = fo that
(/)

follygee = T(0) = (fosg)ee S supl(fos )zel = 1l

where the hidden constants are independent of fy € M a)@ (R%). Here the supremum

. o
is taken over all g € M(l/w)

(R?) such that ||g||,,e=.v» < 1. Consequently we have
(/)
Hf||Mq)\y = || foll, giving that (1), and thereby the result follow. 0O
(w
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